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Abstract

In this research, the distribution of the hardness and residual stress in the
joining of three layers of explosion-welded Al1050/Al2024/Al1050 aluminum
alloy sheets, which were friction stir welded, was investigated. The rotational
speed and traverse speed parameters were determined by trial and error in
order to achieve a weld without cracks and holes. Due to the selection of steel
tools with a shoulder diameter of 20mm and an incomplete conical pin with
a large diameter of 4mm, only the desired welds were made at a rotational
speed of 710rpm, a forward speed of 16mm/min and 20mm/min, a rotational
speed of 1120rpm, and a transverse speed of 20mm/min. In other cases, the
welding has defects or low surface quality. To check the residual stress, the
contour method, which is one of the new destructive methods, was used. By
examining the obtained results, it was found that the residual stress in the
center of the part (welded zone) was tensile, and it was compressive at the
edges of the part along the thickness. Considering the yield strength of the
base metal, which was about 205 MPa, and the highest value of residual stress,
which was about 35MPa, at a rotational speed of 710rpm with a transverse
speed of 20mm/min, the highest residual stress was about 17% of the yield
strength of the base metal.

1. Introduction

Aluminum alloys with high strength-to-weight ratio,
formability, and high corrosion resistance are widely
used in aerospace, shipbuilding, and railway industries.
With the growth of aluminum consumption in various
industries, the connection of aluminum alloys becomes
more important. In the past, due to the difficulty in
creating high-strength, fatigue- and corrosion-resistant
welds in aluminum alloys (series 2 and 7) used in the
aerospace industry, the use of welding was limited in
these industries. These types of aluminum alloys are
non-weldable, due to the porous structure as well as

the loss of mechanical properties in the melting zone,
the welding quality is very poor compared to the base
metal. These factors have made it uninteresting to join
alloys by conventional welding processes. Some alu-
minum alloys can be joined by resistance welding, but
preparing their surface for welding is expensive because
oxidation of the surface during the process is a major
limitation. On the other hand, in recent years, the use
of solid state welding methods for metal alloys, espe-
cially aluminum, has grown significantly. Friction stir
welding (FSW) is one of the solid state welding meth-
ods used for welding metal alloys, mainly aluminum

∗Corresponding author: M. Honarpisheh (Assistant Professor)
E-mail address: honarpishe@kashanu.ac.ir

10.22084/JRSTAN.2024.28087.1246

ISSN: 2588-2597

Copyright c⃝2023 The Authors. Published by Bu-Ali Sina University. This work is licensed under a Creative Commons
Attribution-NonCommercial 4.0 International license (https://creativecommons.org/licenses/by-nc/4.0/). Non-comm-
ercial uses of the work are permitted, provided the original work is properly cited.

https://orcid.org/0000-0002-5331-5300
honarpishe@kashanu.ac.ir
https://doi.org/10.22084/JRSTAN.2024.28087.1246
https://creativecommons.org/licenses/by-nc/4.0/


Experimental Study of the Strength and Residual ...: 19–26 20

and magnesium. This process was invented in 1991
by the UK TWI Welding Institute [1]. Sonne et al.
[2] in 2013 investigated the effects of work hardening
and thermal softening laws on the simulation of resid-
ual stress in FSW of 2024 aluminum alloy. The effect
of working conditions in cold welding did not have any
effect on the residual stress, while in hot welding condi-
tions, the reduction of the yield stress had a significant
effect on the residual stress, especially near the weld
line. Jafari et al. [3] studied mechanical properties
and residual stress variations of friction stir welded dis-
similar Al-6061-T6 and Al-7075-T6 alloys. Alinaghian
et al. [4] used the ultrasonic vibrations in FSW of Al
6061-T6. They investigated the residual stress, me-
chanical properties and macrostructures of the welded
samples. Cavalier et al. [5] in 2005 investigated the
mechanical properties of non-homogeneous 2024-7075
aluminum alloy with a thickness of 2.5mm in FSW. Ac-
cording to the evaluations of the tensile test, the results
showed that there was an increase in the longitudinal
strength of the sample. Also, the fatigue test showed
that the fatigue life of the 2024 alloy increased and
that the fatigue life of the 7075 alloy decreased. Aon-
uma et al. [6] in 2011 studied the FSW of 2024 and
7075 aluminums to titanium alloys. The weldability
of alloy 2024 to titanium was better than alloy 7075
and it had higher tensile strength. Also, the weld-
ing speed had a direct effect on the tensile strength
in such a way that with the increase of the welding
speed, the tensile strength of the aluminum-titanium
alloy connection increased as well, and the hardness
of the base metals also had an effect on the weldabil-
ity of the aluminum-titanium alloys. By examining
the welding surface by means of XRD, they observed
the intermetallic compound of TiAl3 in this area, and
this intermetallic compound was effective on the ten-
sile strength. Prime et al. [7] in 2006 measured the
residual stress in non-homogeneous aluminum alloys
7050-2024 in FSW by contour method. The results
obtained from the measurement of residual stress in
FSW of 7050 and 2024 aluminum alloy plates with a
thickness of 25.4mm were as follows: the maximum
stress was about 43MPa, which was less than 20% of
the final strength of the material. To remove a piece
of test specimen from a larger piece in order to main-
tain the principal residual stresses in the middle of the
length of the specimen, the length had to be 2 to 3
times the specified distance. Alinaghian et al. [8]
used BM-UAFSW (bending mode ultrasonic-assisted
FSW) to investigate the residual stress variations at
various vibration amplitudes. They used the contour
method to measure the longitudinal residual stress of
Al-6061-T6 plates with thicknesses of 3mm and 5mm.
Eivani etcal. [9] presented a new approach to mea-
sure the residual stress of AZ91 Mg alloy after the
FSW process. They used combined smoothed parti-
cle hydrodynamics/neuro-fuzzy computations and ul-

trasonic testing. Salvati et al. [10] studied the residual
stress field in FSW butt joint aluminum alloy using
X-ray powder diffraction and ion beam and digital im-
age correlation (FIB-DIC) methods. Delijaicov et al.
[11] measured the residual stress of dissimilar joints
of Al-7181-T7651 and Al-7475-T7351. They used the
integral method in incremental hole drilling. Their re-
sults showed the positive longitudinal residual stresses.
Salloomi and Al-Sumaidae [12] used coupled Eulerian–
Lagrangian (CEL) modeling to analyze thermal and
residual stress in friction stir welding of Al-6061-T6
and Al-2024-T3 alloys. Kaid et al. [13] analyzed the
residual stress of 6061-T6 aluminum alloy by numer-
ical modeling. They used the ANSYS software and
compare their results with experimental data. Zhan et
al. [14] used laser ultrasonic technology to measure the
residual stress of Al-7075 after the FSW process. They
found that the residual stress on the advancing side
was greater than that on the retreating side. Liu et
al. [15] measured the 3D residual stress field of FSWed
thick plates Al-6005-T6 by neutron diffraction.

It is usually difficult and sometimes impossible to
join aluminum sheets with conventional welding meth-
ods. Methods such as explosive welding of aluminum
sheets are used for welding two surfaces of sheets,
and friction stir welding is used to join sheet butts
to each other. In this study, the friction stir weld-
ing process was performed on the explosive welded
sheets. Therefore, the surface of Al1050 and Al2024
alloys were joined together by explosive welding pro-
cess. Then, the FSW process was used for butt
welding process. Also, the measurement of residual
stress after FSW has not been reported. Therefore,
in this research, the FSW process of explosive-welded
Al1050/Al2024/Al1050 sheets and the measurement of
residual stress in these joints were evaluated.

2. Research Method

The material of the work piece used in this research was
three-layer explosion-welded aluminum with an alloy
order of Al1050Al/Al2024/Al1050 with a thickness of
5mm. The desired three-layer sheet was cut in dimen-
sions of 100 × 45mm and prepared for testing. Also,
in order to perform welding operations, a tool with a
pin diameter of 4mm, a pin height of 4.7mm, and a
shoulder diameter of 20mm was used. The parameters
investigated in this study include rotational speed and
transverse speed. According to the applied variables,
the number of tests performed and their details are
given in Table 1.

After preparing the samples and determining the
test conditions, such as determining the parameters
and constraints used (Fig. 1a) as well as the welding
machine, the operation was performed.

The first step in examining welding samples is ten-
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sile testing. For this purpose, it is necessary to prepare
the samples for the tensile test. The samples were pre-
pared according to ASTM E8 standard [16] to perform
the tensile strength test. The dimensions of the tensile
test specimen are displayed in Fig. 2. For repeatability,
two tests were performed for each condi

Table 1
Design of experiment.

No. Rotational Transverse
speed (rpm) speed (mm/min)

1 710 16
2 710 20
3 900 16
4 900 20
5 900 25
6 1120 16
7 1120 20
8 1120 25
9 1400 16
10 1400 20
11 1400 25

Fig. 1. a) Schematic of FSW process b) Measuring
the residual stress by a coordinate-measuring machine.

After performing the tensile test and determining
the acceptable samples, the residual stresses in the
samples were checked. The contour method is one

of the newest residual stress measurement methods,
which was first proposed by Prime in 2000 [17]. For this
purpose, the parts were cut with a wire cutter, which
had special conditions so that residual stress would not
be created in the samples during the operation. These
conditions include: disposable wirecut wire, brass wire
material, wire diameter less than 0.25mm, cutting in
finishing mode and cutting speed less than 40 square
mm/min.

Fig. 2. Dimensions of the tensile test specimen.

After cutting the piece by wirecut, the peaks and
valleys created on the cutting surface due to the re-
lease of residual stress on the surface were measured
by a coordinate-measuring machine (CMM) (Fig. 1b).
Then, after the removing the outlier data, a cloud of
points or an equation was obtained from the result-
ing points in MATLAB software. The resulting point
cloud must be the best point cloud passing through
the points. After preparing the necessary information,
the analysis process was done in ABAQUS software.
To do this, a 3D model of the cutting surface was
created. The cutting surface was modeled as a flat
surface and the contour of the measured surface was
applied as boundary conditions to the modeled sur-
face. The C3D8R elements were used for meshing the
model. By creating a partition in the model, the size
of the elements on the cut surface was considered to be
0.5×0.5mm, similar to what was considered for mea-
suring the surface contour and the rest of the model
with elements, the coarse particles were gridded. The
microhardness of the samples was measured in such a
way that after measuring the residual stresses on the
surface of the samples.

3. Result and Discussion

In this part, the measurement of the strength of the
created weld bond and the residual stresses created in
the samples are discussed. According to the results,
all the variables used did not provide the desired re-
sults. This was based on the past research on each
of these alloys separately; however, this type of alloy
material had never been investigated. Thus, a suitable
range for this type of alloy could be considered as the
best range for obtaining a better weld, which was the
result of the research. Considering this range, the suit-
able rotational speed was between 710 and 1120rpm,
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and also better results were obtained in the traverse
speeds of 16 and 20mm/min. At a rotational speed of
1400rpm, the desired welding speed was not achieved
and there were visible defects. It is also worth mention-
ing that one sample was also made with a rotational
speed of 560rpm and a speed of 20mm/min, which re-
quired heat. However, welding is not achieved at this
rotational speed and causes the sample to crumble dur-
ing welding. According to the test conditions, the re-
sults of the samples are given in Fig. 3 and Table 2.

Fig. 3. Tensile test results for the base sample and
FSWed samples.

Table 2
Effects of rotational speed and transverse speed on yield strength
of samples.

No. Rotational Transverse Yield
speed (rpm) speed (mm/min) strength (MPa)

1 710 16 48±1
2 710 20 63±0.4
3 900 16 18.7±0.3
4 900 20 24.2±0.6
5 900 25 21.7±0.6
6 1120 16 12±0.7
7 1120 20 37±0.5
8 1120 25 18.7±0.6
9 1400 16 15.6±0.4
10 1400 20 26.3±0.4
11 1400 25 12.4±0.5

According to Fig. 3, at the rotational speed of
710rpm with the increase of the traverse speed from 16
to 20mm/min, the weld yield strength increased. This
can be due to the high input heat generated at this ro-
tational speed. Also, at the rotational speed of 900rpm,
the strength increased by changing the welding speed
from 16 to 20mm/min, which can be caused by the
improvement of the input heat in the interaction with
the disruption of the materials, that is, at the speed of
16mm/min.By increasing the traverse speed from 20 to
25mm, the yield strength decreased, which in this case,
contrary to the first case, the unfavorable disruption of
the materials reduced the yield strength. However, the
yield strength at the welding speed of 25mm/min was

better than 16mm/min, indicating the better interac-
tion of these two parameters, i.e. heat input and ma-
terial consumption during welding. But it is expected
that the yield strength will continue to decrease with
the increase of welding speed. By comparing the two
speeds of 16 and 20mm/min, the results at the rota-
tional speed of 1120 rpm show that the excessive input
heat at a speed of 16mm/min caused the yield strength
to decrease. Also, by increasing the speed from 20 to
25mm/min, the yield strength decreased, which could
be due to the unfavorable mixing of the materials and
the formation of welds with structural and appearance
defects. Also, based on the comparison of speed of 16
and 25mm/min, we found that the interaction of the
two parameters of input heat and the material distur-
bance at the speed of 25mm/min was better, and the
weld with better yield strength was achieved. However,
it is predicted that with a further increase in the weld-
ing speed, the yield strength of the welds would follow
a downward trend as well. Also, the results at the ro-
tational speed of 1400 increased the yield strength by
increasing the traverse speed from 16 to 20mm/min,
which can be as the result of the excessive heat in-
put. Moreover, by increasing the speed from 20 to
25mm/min, the strength of the weld decreased. Due
to improper mixing of the materials, which causes the
application of insufficient temperature during welding,
the strength of the welds decreased. Also, by compar-
ing two speeds of 16 and 25mm/min, it is also evident
that the interaction of the two parameters of input heat
and material consumption was better at the speed of
16mm/min because it achieved better yield strength;
therefore, it is predicted that increasing the welding
speed (advance) would result in reduced yield strength.
The results of changing the welding speed parameter
(advance) in each rotational speed were fully described.
Now, according to the graphs, it can be seen that as
the rotational speed increased, the process of changing
the yield strength decreased. This can be due to the in-
crease or even decrease of the input heat, which occurs
relatively according to the welding speeds, i.e. if the
rotational speed and the traverse speed are both high,
the input heat is insufficient, indicating the greater ef-
fect of the traverse speed or interference. The material
is desirable and if the rotational speed is high and the
traverse speed is low, excessive input heat would be
produced. Fig. 4 demonstrates the result of the analy-
sis done in Minitab, and it shows the interaction of the
two parameters, rotational speed and forward speed.

Fig. 5 displays the results about microhardness of
the samples. The measurement was performed accord-
ing ASTM E92-17. The micro-hardness of the samples
was marked with five points in such a way that three
points of the microhardness of the layers and the re-
maining two points of the microhardness of the bound-
ary between the two layers were measured.

According to the results, it is clear that the micro-
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hardness is higher in the boundary between the layers.
Also, the microhardness in the middle of the piece has
the lowest value, which was observed in all cases and
all samples followed a similar trend.

Fig. 4. Effects of transverse speed and rotational
speed on the yield stress of samples.

Fig. 5. Microhardness results of samples.

It is also found from the results that the lowest
hardness value in the samples varies between 45 and
55 Vickers and that the highest hardness value in the
samples varies between 70 and 85 Vickers. Therefore,
according to these cases, an approximate appropriate
range was considered to determine the two parame-
ters of rotational speed and forward speed. However,
according to the resulting yield strengths, only three
samples of these tests obtained more acceptable results;
hence, only the three mentioned samples were used to
measure the residual stresses.

To measure the residual stresses, we first need the
super points of the surfaces or the plane equation. The
point clouds of the surfaces are given in Fig. 6.

After defining the super points of the surfaces and
obtaining the equation of the surfaces, we considered
the resulting equation as the displacement boundary
condition in the modeling. The stress contours of the
surfaces are specified in Fig. 7.

After determining the stress contour, two paths
were considered in the direction of thickness and
length. The results are given in Figs. 8 to 11.

The diagrams above show the residual stresses cre-
ated along the thickness (transverse) in three welding
samples and the control sample. It can be seen from
Fig. 8 that there are tensile residual stresses in the
middle of the workpiece in all four samples. There-
fore, due to the absence of melting, the intensity of
heat, which is one of the main factors causing residual
stresses, was reduced. On the other hand, due to the
doughy nature of the mixing zone, the material had a
greater tendency to release residual stresses. This phe-
nomenon happens because of the equilibrium nature of
cooling. They released larger amounts of stress com-
pared to melting methods, and this is caused by the
lower cooling thermal gradient.

Fig. 6. Cloud points of cut surfaces at rotational speed and transverse speed a) 1120-20 b) 710-16 c) 710-20
d) as received.
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Fig. 7. Residual stress contour in levels a) 1120-20 b) 710-16 c) 710-20 d) as received.

Fig. 8. Transverse residual stress results.

Given the fact that the materials included two dif-
ferent alloys with different mechanical and thermal
properties, the thermal slopes were also different from
one another. Also, by comparing the values of the
graphs, it is clear that the effects of changes in ro-
tational speed were slightly greater than the effects of
changes in traverse speed. The diagram below com-
pares two samples at a rotational speed of 710rpm.

Fig. 9. Comparing the results of samples with a rota-
tional speed of 710rpm.

According to the diagram of the residual stresses
created in two samples at the rotational speed of

710rpm and the traverse speeds of 16 and 20mm/min,
it is evident that tensile stresses werecreated in the
middle of the workpiece, and on the contrary to pre-
dictions, the value of tensile stresses created in the ad-
vance of 20 was more than 16, which is due to the fact
that the rate of strain created on the connection in-
creased with the increase in the traverse speed. The
graph below compares two samples at a forward speed
of 20mm/min.

Fig. 10. Comparison of the results of the samples with
the transverse speed of 20mm/min.

The above diagram compares two welding samples
at rotational speeds of 710 and 1120rpm and traverse
speed of 20mm/min. What is clear is the presence of
tensile residual stresses in the middle of the samples.
Furthermore, the values of these tensions were less than
710 at the rotational speed of 1120, on the contrary
to our expectations. At lower rotational speeds, the
effectiveness of increasing the tension decreased com-
pared to the advancing speed. At lower rotational
speeds (710rpm), increasing the traverse speed had a
greater increasing effect on the residual stress in weld-
ing,; therefore, according to the reasons mentioned, the
residual stress at the rotational speed of 710rpm was
higher than that at 1120rpm.



Journal of Stress Analysis/ Vol. 8, No. 1, 2023-24 25

Fig. 11. Comparing the results of longitudinal resid-
ual stress.

The above diagram shows the residual stresses cre-
ated in the longitudinal direction. According to the
diagrams in different conditions, it can be found that
with the increase in the traverse speed, there was an
increase in the residual stresses, which is due to the in-
crease in speed and, as a result, the increase in heat of
the sample. Also, by increasing the rotational speed at
the same forward speed, despite the presence of more
heat at the rotational speed of 1120rpm, there was a
reduction in residual stresses. This behavior is related
to the influence of the rotational speed on the heat
input and the temperature distribution on the joint.
Therefore, increasing the rotational speed causes for a
higher temperature and more uniform thermal distri-
bution and reducing temperature gradients. As a re-
sult, less deformation or less plastic strain rate and less
residual stresses were observed in welded plates with a
higher rotational speed, which means that the effect of
plastic strain rate was more than the increase in heat
caused by the increase in rotational speed. It can also
be seen that at the rotational speed of 710rpm and the
advancing speed of 16mm/min, compressive residual
stresses were created in the sample, which can be due
to the low heat factor in the sample and the lower rota-
tional speed. Additionally, the maximum longitudinal
residual stress increased for higher rotational speeds of
the tool. As previously reported in [18], the peak of
tensile residual stresses was found in the longitudinal
direction. In another research [19], the tensile residual
was observed in the longitudinal direction with peak
values of about 130MPa in the FSW process of alu-
minum alloy. As it can be seen in other works [20, 21],
the residual stress in the welding zone has its maximum
value, which increases with the increase in rotational
speed.

4. Conclusions

In this research, the effects of rotational speed and
tool traverse speed in FSW of three-layer aluminum
sheets with other parameters being constant were in-
vestigated. The results were checked at four rotational
speeds of 710, 900, 1120, and 1400rpm and with tra-
verse speeds of 16, 20, and 25mm/min as follows:

• As the advancing speed increases, the value of
residual stress increases due to the increase in
the strain rate.

• As the rotational speed increases, the value of
residual stress increases due to the increase in
temperature.

• At a rotational speed of 710rpm, with an in-
crease in traverse speed from 16 to 20mm/min,
the growth of residual stresses is higher than that
at a rotational speed of 1120rpm, indicating that
the effect of strain rate prevails at lower rota-
tional speeds and the effect of heat prevails at
higher speeds.

• At the rotational speed of 1400, the weld had vis-
ible defects and the weld surface was completely
unacceptable.
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Abstract

Cartilage and synovial fluid ensure the smooth movement of natural joints
to work with very little friction. However, the number of patients with
joint diseases, which are usually related to cartilage destruction, constantly
increases. Therefore, understanding the tribological behavior of synovial fluid
is of great concern in order to reduce its degradation and maintain a reliable
joint function. The purpose of this research is to provide insight into the
frictional behavior of synovial fluid, focusing on its composition and especially
hyaluronic acid (HA) content, velocity, and applied load on the joint. For
this purpose, a pin-on-disc simulator was used. The tests were accomplished
at three different movement velocities and under three loads of 30, 60, and
100N. During the tests, the lubricants were pure synovial fluid and synovial
fluid with 10% and 20% of a traditional osteoporosis medicine, i.e. Cynogel.
The test results showed that the friction strongly depends on the HA content
of the lubricant. Studying the applied load effect on the friction coefficient,
it was found that hyaluronic acid’s rheological behavior could neutralize the
medicine’s effect under a light load at a slow speed. After adding Cynogel into
the synovial fluid, the friction coefficient decreased under higher loads. The
greatest changes were observed for the 20% combination, which led to about
20% and 30% improvement in the friction coefficient at high and medium
velocities, respectively.

1. Introduction

Due to joints, the movements of human body parts are
very flexible and they have smooth movements. The
joint mechanisms are naturally optimized with a mini-
mal friction and protected against wear under different
loads and velocity conditions. High wear resistance be-
sides a slight friction is mainly exerted as a result of
articular cartilage and its microstructural configura-
tion. The tribology of joints is related to many key
factors; therefore, synovial lubrication has greatly in-
terested researchers [1, 2]. To obtain realistic perfor-
mance of artificial synovial joints, researchers are try-

ing to analyze the lubrication mechanism and frictional
characteristics of real joints to modify and implement
prosthetic components [3]. The results of the research
can be useful for increasing knowledge in the treatment
of osteoarthritis, synovial joint replantation, artificial
cartilage construction, and synovial diseases.

During the last two decades, a significant number
of experiments and hypothetical studies have been re-
ported about lubrication in synovial joints. The results
showed that synovial lubrication is a mixed lubrication
consisting of synovial fluid film lubrication, synovial
fluid macromolecule boundary lubrication, and squeeze
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film lubrication under pressure by cartilage interstitial
fluid [4, 5].

Synovial fluid consists of phospholipids, hyaluronic
acid (HA), and lubricin. These molecules are ubiq-
uitous in synovial fluid. All three molecules act syn-
ergistically and each has a different function to pro-
vide superior lubrication on the cartilage surface under
high physiological pressures [6]. Apart from the time-
dependent friction regulation, macromolecules formed
in the synovial fluid, such as proteoglycan lubricin,
polysaccharide hyaluronic acid, and phospholipids,
form the biological boundary lubrication on the car-
tilage surface. These macromolecular boundary lubri-
cants facilitate low friction and wear resistance when
two opposing cartilage surfaces come into contact. In
healthy joints, the solid-solid cartilage contact does not
occur. It can be concluded that the extremely low
friction and excellent wear resistance of the joint are
manipulated by the intervention of the mechanisms of
squeeze film and boundary lubrication [7].

HA is a naturally existing substance in synovial
fluid. When the joint has arthritis, the HA concen-
tration in the synovial fluid decreases. If the synthetic
form of HA is injected into the joint, its viscosity in-
creases, and in this way, the movement of the joint
becomes smoother and the pain is reduced. There is
insufficient evidence to conclude the usefulness of HA,
and it is impossible to comment with certainty on the
benefits or harms of this injection [8].

Furmann et al. [9] investigated the synovial fluid
composition, velocity, and load effect on the frictional
behavior of synovial fluid. Their results showed that
protein-based solutions, regardless of the concentration
of the components, show almost a similar coefficient of
friction. However, the behavior changes significantly
with the addition of HA and phospholipids. Berli et al.
[10] investigated the knee prosthesis lubrication model,
with non-Newtonian fluid and porous rough materi-
als. Their results showed that a larger deformation
capacity promotes thick fluid layers despite the sur-
face roughness. Forster et al. [11] studied the effect of
loading time on the synovial fluid friction. In a lubri-
cation condition, instead of a complete fluid film, the
two-phase cartilage fluid bears a significant amount of
load, and the boundary lubrication is governed. Farn-
ham et al. [12] studied the effects of lubricants on the
sliding biomechanics of synovial fluid under a physio-
logical load. Their results showed that synovial fluid
and HA solutions with a maximum viscosity of saline
lubricants were at physiological shear rates of 3−10, and
significantly increased lubricant recovery rates during
sliding and reduced its amount to a minimum.

Murakami et al. [13] considered the synovial com-
position’s effect on the articular cartilage’s tribolog-
ical behavior. They assessed the frictional changes
of healthy and damaged articular cartilage samples
against a glass plate lubricated with lubricants con-
taining phospholipid, protein, and HA with a recipro-

cating wear test apparatus. They also concluded that
good tribological condition in healthy synovial joints is
due to effective lubrication mechanisms based on the
proper combination of articular cartilage and synovial
fluid. In another research, Murakami et al. [14] inves-
tigated the lubrication of an articular cartilage and an
artificial hydrogel cartilage. They found that the su-
perior lubrication performance of healthy natural syn-
ovial joints is realized not by a single lubrication mode,
but by a synergistic combination of multi-mode mecha-
nisms such as fluid film, two-phase, hydration, gel film,
and boundary lubrication. Burris et al. [15] demon-
strated the role of slippage and hydrodynamics in joint
lubrication. Their results declared that the effect of
tribological hydration was more prominent in increas-
ing the velocity, under reduced loads, in the presence
of hyaluronic acid, and with increasing the size of the
convergence zone. This trend is consistent with the
hypothesis that tribological hydration is induced by
external hydrodynamic pressure.

Hilser et al. [16] confirmed the synergistic effect
of phospholipids and HA in reducing cartilage friction,
and they also hypothesized that this effect is because
of hydration lubrication. Mederake et al. [17] inves-
tigated the effect of three synovial lubricants (sodium
chloride, fetal calf serum, and HA) on friction in nine
complete carpometacarpal joints of a sheep. Friction
in injured joints is significantly increased compared to
healthy joints. Comparing different lubricants, the re-
sults show the greatest reduction in friction for HA.
Rabenda et al. [18] showed a strong relationship be-
tween the molecular weight of HA and the rheological
properties of its solutions, and they could not find a
clear relationship between the molecular weight of HA
and the coefficient of friction. Bell et al. [19] showed
that HA is an effective boundary lubricant under static
conditions and is less effective in dynamic conditions.
Some studies recently intend to supplement injection to
the joint, and the effect of friction reduction of these
medications is investigated [20–22]. The effectiveness
of these drugs has not been determined. Some evaluate
them as useful and some as ineffective.

Various studies are focused on joint, cartilage, and
synovial fluid behavior. However, frictional modeling
and evaluation of synovial medication have not been
fully understood. Therefore, the present study is de-
signed to provide a specific analysis of the frictional
behavior of synovial fluid considering the effect of the
combination of synovial fluid and Cynogel (a drug con-
taining the HA compound), entraining velocity, and
load. The test conditions were designed based on pre-
vious studies to mimic typical daily activities (slow,
normal walking, stair climbing - high load). Further-
more, since the synovial fluid composition is supposed
to play a key role in synovial lubrication, the focus is on
the concentration and mutual interactions of synovial
fluid and HA.
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Fig. 1. A view of the pin-on-disc tribometer and the schematic of its operation.

2. Materials and Methods

The pin-on-disc tribometer device shown in Fig. 1 is
usually used for investigation of the effect of lubricants
on the friction coefficient and the amount of wear un-
der a specific load and velocity according the ASTM
G-99 standards. As seen in Fig. 1, in this device, the
lubricant is presented between two pieces of disc and
pin. The disc rotates at a constant speed, and the pin
is loaded on the disc with a certain load. With the
help of the load cell device, the friction force between
the pin and the disc is measured. The load cell of the
device was calibrated with the help of a special weight
and the method provided by the device manufacturer.
Usually, the pin is made of hard material and the disc
is made of softer material, and their surface is polished
to the desired roughness. In this study, the 6-mm thick
discs were made of St37 steel with a diameter of 90mm,
and the pin was made of 52100 steel with a hardness
of 64 Rockwell. The discs were polished to a roughness
of < 1µm to ignore the effect of surface roughness on
the friction results.

The pin can be placed at three different radial dis-
tances of 27, 48, and 66mm from the center of the discs;
thus, at a fixed rotational velocity of the device, i.e.
44rpm, three different linear velocities of 0.124, 0.223,
and 0.3m/s can be achieved. Fig. 2 shows the disc sam-
ple after the test and the path of the pin movement on
the disc in this study.

As mentioned earlier, the lubricant used in these
tests was prepared from the tapped synovial fluid of
patients suffering from osteoarthritis, who were mostly
over 60 years old and had been referred to a specialist
doctor for aspiration of the knee joint synovial fluid.
Cynogel medication (sodium hyaluronate 1.6% with a
high molecular weight) was also used to investigate the
effect of HA compounds. This drug is available in the

form of a ready-made syringe with a concentration of
32mg in a volume of 3ml in the pharmaceutical market.
In this research, synovial fluid alone and synovial fluid
with the addition of different amounts of 10% and 20%
by the volume of Cynogel were used as a lubricant in
the tests. Therefore, three different loads, three veloc-
ities, and three different lubricant combinations were
tested, i.e. a total of 27 tests. To check repeatabil-
ity and eliminate errors as much as possible, each test
was repeated three times. Therefore, in this research,
27 fully polished double-sided discs with the dimen-
sions mentioned above and 27 pins were prepared us-
ing ready-made roller bearings. Each disc provides the
possibility of 6 tests. The various parameters of the
tests performed in this research are given in Table 1.

Fig. 2. Disc sample after the test and the positions of
pin trajectory.
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Table 1
Load, velocity, and lubricant parameters of the designed tests.

Test No. Load (N) Medicine (%) Disc velocity (m/s)
1 30 0 0.124
2 30 10 0.124
3 30 20 0.124
4 30 0 0.223
5 30 10 0.223
6 30 20 0.223
7 30 0 0.300
8 30 10 0.300
9 30 20 0.300
10 30 0 0.124
11 60 10 0.124
12 60 20 0.124
13 60 0 0.223
14 60 10 0.223
15 60 20 0.223
16 60 0 0.300
17 60 10 0.300
18 60 20 0.300
19 100 0 0.124
20 100 10 0.124
21 100 20 0.124
22 100 0 0.223
23 100 10 0.223
24 100 20 0.223
25 100 0 0.300
26 100 10 0.300
27 100 20 0.300

At first, when the pin contacts the polished sur-
face, their roughness interacts with each other, and
sometimes they are welded together. After begin-
ning the sliding of the surfaces, the welded roughness
pushes and pulls each other which may cause them to
break or deform. The change of the roughness, at the
beginning of the movement, is called the running-in
process. In order to consider running-in, the friction
force was measured after a relatively long distance of
200m when the roughness of the surfaces was more
smoothened. Therefore, in this way, the possible ef-
fect of initial roughness deformation or probable wear
was prevented.

3. Results

The pin-on-disc test device measures the friction force
during the test time. According to the rotational ve-
locity of the disc and the radius of the pin on it, the
distance traveled during the test can be obtained. A
sample of the reported data of the friction coefficient by
the device for a normal load of 30N at three different ve-
locities is shown in Fig. 3. Also, this figure presents the
data for three different combinations of synovial fluid
and hyaluronic-containing medicine. The static friction
is larger than the dynamic friction. This depends on

the nature of the materials in contact: it is a result of
some highly complicated phenomena at a microscopic
level such as asperity interaction. After the motion, the
running-in wear process causes the surface asperity am-
plitude to decrease. This gradually reduces friction to
an asymptomatic value. In lubrication, increasing the
velocity forms a thicker fluid layer. As expected, it can
be seen in the results that with the increase in velocity,
a thicker layer forms, and the possibility of the surface
roughness interaction as well as the friction coefficient
is significantly reduced. For example, in the case of
synovial fluid lubrication, only increasing the velocity
from 0.124m/s to 0.223m/s reduced the friction coeffi-
cient by 12%. A further increase in the velocity up to
0.3m/s brings this reduction to 55%.

The purpose of this study is to investigate the ef-
fect of drugs containing HA. Besides synovial fluid, the
combination of 10% and 20% of a famous traditional
medicine in the Iranian market (Cynogel) with syn-
ovial fluid at different velocities for a specified load
of 30N is presented in Fig. 3B and 3C. The reduc-
tion in friction with increasing the surface velocity is
similar to synovial fluid. In the10% compound, the
friction coefficient decreases by 13.8% when the veloc-
ity increases from 0.124 to 0.223m/s, and it decreases
to 59.4% for the surface velocity of 0.3m/s. In the
20% compound, these reductions are 7% for the surface
velocity of 0.223m/s and 53% for 0.3m/s. Therefore,
adding HA to synovial fluid under this specific load
does not make a significant difference in the reduced
friction caused by the increased velocity.

Adding HA under 30N load, for all three mentioned
velocities does not affect the friction coefficient signif-
icantly. For example, for the synovial fluid lubricant,
the average friction coefficient at 0.124m/s is 8% lower
than synovial fluid and 10%HA, and 11% higher than
synovial fluid and 20%HA. At the velocity of 0.224m/s,
these values are 7% lower and 5.8% higher, respectively.
At the velocity of 0.3m/s, the friction coefficient for
the synovial fluid lubricant is 2% and 8% higher than
10% and 20% HA, respectively. Under this relatively
low load, for low and medium velocities, adding the
medicine slightly not only reduces the friction coeffi-
cient, but somehow increases its value. While the ad-
dition of more HA is more efficient.

Fig. 4 shows the changes in friction coefficient for
all experiments. Different loads and different velocities
and the combination of different lubricants affect the
coefficient of friction. Formerly, the changes of fric-
tion were described for the light load. However, under
higher loads, the trend of change in friction coefficient
is similar to each other, i.e. increasing the velocity re-
duces the friction coefficient. Under a moderate load,
the coefficient of friction decreases intensively with in-
creased velocity. Under high loads, the decrease in fric-
tion coefficient with the increased velocity has a con-
stant proportionality.
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Fig. 3. Changes in friction coefficient for a load of 30N
at different velocities for synovial fluid and its combi-
nation with a drug-containing HA.

Investigating the effect of lubricant combination or
the percentile of medicine used on the friction coeffi-
cient under 60 and 100N load shows that even the low-
drug content, i.e. 10%, results in a significant decrease
in the friction coefficient. This reduction in friction
can be seen at different velocities. The reduction rate
of the coefficient of friction in the composition of 20%
is higher. At 60Nm, adding 10% of the drug-containing
HA will decrease the friction coefficient by about 12%,
and at 100Nm, about 20% to 35% decrease in friction
coefficients can be seen at different speeds. By adding
20% of the drug-containing HA at 60Nm, the friction
coefficient decreases by between 25% and 30%, and at

100Nm, this decrease will be between 20% and 30% at
different velocities.

Fig. 4. Friction coefficient variation for various tests.

Synovial fluid is the ultrafiltration of blood plasma
(that is, plasma free of large proteins) enriched with
locally synthesized polysaccharide molecules called
hyaluronan. The hyaluronan molecule in synovial fluid
is composed of a very long unbranched, strongly an-
ionic polymer of 25,000 repeating disaccharide units.
During loading, which is relatively fast, the hyaluro-
nan chains are randomly connected to each other in
the solution; therefore, the response of synovial fluid is
quasi-elastic; as a result, the joint can withstand severe
loading. On the other hand, under slow and long flow
conditions, the chains are forced to align and, conse-
quently, the bonds between them are replaced by water
molecules. This results in a partial separation of the
hyaluronan chains, leading to their ability to slide past
each other more freely, and synovial fluid responds like
a shear-thinning viscous fluid. A sharper decrease in
the friction coefficient at higher velocities indicates this
thin shear property. At small shear rates, the fluid’s
resistance to movement is high, but with the increase
in the shear rate, the fluid becomes more fluent. There-
fore, the addition of the material with shear-thinning
property can be beneficial against the rapid and large
loads that occur during walking and joint activity.

On the other hand, osteoarthritis is a common joint
disease characterized by the destruction of articular
cartilage and includes changes in the structure and
composition of cartilage [4]. The damaged cartilage
surface leads to increased friction and causes a slight
disruption of the two-phase lubrication mechanism in
articular cartilage. HA is a suggested shear-thinning
material that shows a beneficial effect on the friction
reduction and is very compatible with synovial fluid.

4. Conclusions

Here a challenging problem of using the osteoporosis
treatment medicine is considered experimentally using
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the pin-on-disc simulator. Different compositions of
medicine (10% and 20%) and synovial fluid are used
as a lubricant. Since all these people had the same
disease and were in close age groups, we can more con-
fidently consider the effect of the drug for reduction in
the joint friction. The effect of load and velocity is also
investigated. The following results are concluded:

• The friction coefficient is reduced with increas-
ing velocity for all types of the lubricant due to
improving the lubrication mechanism.

• However, for light load and low velocity, this ex-
pectation is not met, and some increase in the
friction coefficient is seen with increasing veloc-
ity. This is due to the increased viscous friction
of the lubricant.

• As the velocity increases, the effect of the viscous
friction decreases and the coefficient of friction
reduces.

• A higher concentration of HA shows better a tri-
bological condition.

• When 20% of the medicine is compounded with
synovial fluid, the friction coefficient reduces
drastically with 0 and 10% combination. This
demonstrates the importance of using a sufficient
dosage of the medicine to have an acceptable re-
sponse.

• The study limitation is the use of a metallic mate-
rial for the surfaces while the perfect test should
be performed with the same surface materials,
i.e., natural joint cartilage. This is due to the
fact that it was difficult to make the pin and disk
from cartilage, and also the elastic pin caused
very high fluctuations in data. However, the re-
sults are comparative so they can be generalized
to the real situation.
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Abstract

The stochastic finite element method is one of the most effective tools for
analyzing systems with uncertainty in computational stochastic mechanics.
In this research, a novel approach called the nonlinear spectral stochastic
finite element method (NSSFEM) was developed to analyze structures with
nonlinear materials. The proposed NSSFEM incorporates uncertainty in
both loads and elastic modulus. In the first step, the input random variables
are modeled using the operators of NSSFEM, and an appropriate number
of terms from the Karhunen-Loève expansion is selected. Next, the stiffness
matrix is formed, assuming linear material behavior as the problem-solving
begins. Subsequently, the responses are modeled as random processes and
expanded using polynomial chaos. During each increment of the solution
process, the stress state at the Gaussian points is checked before completing a
sub-increment. If the material yielding criteria are activated, the stresses are
modified according to plasticity conditions, thereby correcting the solutions.
This iterative process continues until the problem is fully resolved and the
desired solution is achieved. The displacements obtained through the proposed
NSSFEM demonstrate an impressive accuracy of 97% when compared with
results from the Monte Carlo method. The source code of the proposed
NSSFEM is available at https://github.com/seyedsajadmousavi/NSSFEM

Nomenclature

Ω Sample space σ Algebra in subsets Ω
P Probability measurements X A random variable
fx (x) Probability density function (PDF) µf(x) Mean of the random field
σf(x) Standard deviation λn Eigenvalues
ϕn(x) Eigenfunctions C(x1, x2) Covariance

k
(e)
0 mean stiffness Cep(x,θ) The elastoplastic hardness matrix
V (e) Volume of the element E Modulus of elasticity of the materials
dσ(x, θ) Stress increment dϵe(x, θ) Strain increment
∆k(e) Stochastic parts of the stochastic stiff-

ness matrix
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1. Introduction

1.1. Stochastic Approach in Analysis of Struc-
tures

Considering the realization of the scientific community
on the importance of the stochastic approach in en-
gineering problems and the significant effect of uncer-
tainties on the behavior of systems, powerful computa-
tional methods have been developed. These approaches
allow the analysis and design of a variety of engineer-
ing systems on a large scale with the help of power-
ful computing tools considering complex conditions in-
cluding the application of uncertainty. In structural
engineering, uncertainties can include structural inputs
such as material properties, geometry, boundary con-
ditions, or loading [1–6]. As the case may be, these
properties are described by statistical concepts such as
random variables, random processes, or random fields.
One of the most useful tools for analyzing systems with
uncertainties in computational stochastic mechanics is
the stochastic finite element method (SFEM), which is
based on the increment of the classical finite element
method (FEM). From a mathematical point of view,
SFEM can be considered a computational method for
solving stochastic partial differential equations [7–12].

1.2. Related Works

In several studies, the problems of convergence and er-
ror estimation of this method have been studied in
detail. In fact, these two aspects of SFEM are com-
plementary and interdependent. A fundamental prob-
lem in stochastic finite element modeling is the uncer-
tainty of system input parameters. The key point of
a problem-solving method is the stochastic finite el-
ement matrix formulation, which is divided into four
general categories based on the calculated technique
for modeling uncertainty: Monte Carlo simulation
(MCS), perturbation method, spectral decomposition
method, and weighted integral method. To obtain sys-
tem responses, several different SFEMs have been pro-
posed, including the Newman expansion, the Taylor-
turbulence series expansion method, the stochastic re-
sponse validation method, the Monte Carlo simula-
tion, and the spectral stochastic finite element method
(SSFEM) [13–16]. Due to its capacity to represent
a broad range of complicated situations, the Monte
Carlo simulation technique is a commonly used sim-
ulation approach [13]. The fundamental concept is to
construct samples based on the statistical features of
random variables, then solve differential equations with
stochastic partial derivatives using the finite element
technique to obtain a wide variety of solutions. Al-
though relatively accurate results can be obtained by
considering the appropriate number of samples, this
method is computationally expensive in the problems
with a large number of uncertain parameters as well

as large systems. On the other hand, in systems in
which the materials used have nonlinear behavior, it is
possible to achieve the solution by incremental meth-
ods, which itself requires a lot of computational costs.
Therefore, in these cases, finding methods that reduce
the computational volume will be inevitable [13]. Huo
et al. introduced a novel non-intrusive SFEM (NIS-
FEM) for usefully calculating stochastic responses and
reliabilities of structures. In the first step, the direct
probability integral approach (DPIM) was extended
to get the PDF of stochastic response by solution of
probability density integral equation (PDIE). Then,
the NISFEM using DPIM decoupled the classical FEM
and PDIE to compute the stochastic output and relia-
bilities of uncertain plates, and the discretization and
quantification of random fields of Young’s modulus and
thickness were applied via Karhunen–Loève expansion
(KLE). The performance of the NISFEM compared
with Monte Carlo simulation (MCS) shows that Huo
et al. achieved the better accuracy [17]. Andres and
Hori proposed a novel method for non-linear elasto-
plastic bodies based on SFEM, as a generalization of
the SFEM for linear elastic materials. The principle
characteristic feature of this method was the proposal
of two fictitious structures whose behaviors gave max-
imum and minimum bounds for the mean of variables.
The bounding structures are thoroughly derived from
a given material feature. The performance of methods
is evaluated by MCS. It is illustrated that this method
can estimate means and standard divisions of field vari-
ables even when the structure has a larger standard
division of the body features [18]. Stavroulakis et al.
reported the benefits of the graphical processing unit
(GPU) for addressing intrusive stochastic mechanics
problems. The computational performance of using
GPU for solving the problems illustrated an improve-
ment of SSFEM [19].

Sepahvand and Marburg proposed a non-sampling-
based SFEM for vibroacoustic analysis of fiber-
reinforced composite plates with uncertain Young’s
modulus and damping ratio. The performance evalua-
tion shows numerous effects of uncertainties in diverse
frequency ranges. The computed random transmission
loss illustrates an acceptable error rate compared to
the results obtained by MCS [20]. Appalanaidu et al.
introduced a method based on the generalization of
stochastic finite element for damage evaluation. The
SSFEM is extended where the non-Gaussian random
fields are defined by employing an optimal linear ex-
pansion scheme. MCS is used to evaluate the stress.
The performance of this method is shown with a nu-
merical example including a circular pipe [21]. Re-
searchers have always sought appropriate solutions to
this problem, one of which is SSFEM first proposed
by Ghanem and Spanos [22]. In this method, KLE is
used to discretize a random field that describes uncer-
tain parameters. While the system’s responses remain
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stochastic and are estimated by a chaotic polynomial
[13, 20, 23–25]. Since SSFEM has good accuracy and
efficiency, it is very popular among researchers and has
been used in many studies. This research has been doc-
umented in a report. Some studies have used the afore-
mentioned strategy to investigate the following topics:
wave propagation analysis, vibration analysis of fiber-
reinforced composites [20], composite plates [26–28],
random creep failure prediction [21], earth dams [29],
shells [10, 30], wooden structures [31], elastodynamic
issues in the time domain [7], and a variety of other in-
stances have all been investigated. Lacour et al. looked
into the nonlinear behavior of uncertain materials with-
out taking into account the loading system’s uncer-
tainty, and their findings were provided [32]. However,
certain loading was assumed in a wide range from stud-
ies presented for SSFEM, the research by Yazdani et
al. can be mentioned among the limited researches in
which loading is also assumed to be uncertain [13].

The following are the limitations of the state-of-the-
art:

• Computational complexity to calculate the struc-
tural responses

• Speed of accessing the structural responses

• Error rate of the structural responses

1.3. The Proposed Method

In this study, the generalization of SSFEM is utilized to
reduce the computational complexity associated with
structural responses. The key contributions of this pa-
per are summarized as follows:

1) Incorporating uncertainty in materials and loads

2) Modeling structures with nonlinear materials

3) Reducing computational complexity for calculat-
ing structural responses

4) Enhancing the speed of accessing structural re-
sponses

5) Decreasing the error rate of structural responses

6) Employing the proposed NSSFEM to analyze the
reliability of structures

The remainder of this paper is organized as follows:
Section 2 describes the materials and methods. Section
3 introduces the proposed NSSFEM. Results and dis-
cussions are presented in Section 4, followed by the
conclusion in Section 5.

2. Materials and Methods

The first step in analyzing uncertain systems is to pro-
vide system inputs. These inputs usually consist of
mechanical and geometric properties as well as system

loading. Some parameters for which uncertainty can be
considered include: Young’s modulus, Poisson’s ratio,
yield stress, the cross-sectional geometry of physical
systems, material and geometric defects of shells, load-
ing, etc. In general, uncertainty in a complete probabil-
ity space (Ω, F , P ) has been defined, including sample
space Ω, algebra σ in subsets Ω, and probability mea-
surements P . In modeling uncertainties in an engineer-
ing system, the terms random fields, random processes,
and random variables are used when the uncertainties
depend on the dimension of space, time, or are inde-
pendent of both, respectively. An appropriate method
to describe these values, which may have uncertainties
in time or space is to implement random processes and
fields whose probability distributions and correlation
structures can be defined through experimental mea-
surements. However, in many cases, there are assump-
tions about these probabilistic features due to the lack
of relevant empirical data. The two main categories
of random processes and fields can be defined based
on their probability distributions: Gaussian and non-
Gaussian. [13, 15, 16, 33–35].

2.1. Random Variables

One way to show uncertainty is to consider the pa-
rameters as random variables. Where the variable X,
whose value is independent of time and place, is a func-
tion for mapping the sample space Ω in a range of real
numbers R(X : Ω → R). Fig. 1 schematically shows
the performance of a random variable.

Fig. 1. Schematic performance of a random variable.

The probability of occurrence of a random variable
X in the closed interval [a, b] can be calculated by Eq.
(1):

P (a ≤ X ≤ b) =
∫ b

a

fx(x) dx (1)

Where fx(x) is a probability density function
(PDF).
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2.2. Random Field

To address uncertainty in systems, the inputs must
first be computed as a random field using a mathe-
matical model capable of expressing a large number
of phenomena oscillating in the form of a variable or
continuous variables with an unexpected pattern of be-
havior. If the inputs are treated as a random field,
a system of equations with stochastic partial deriva-
tives will dominate, with uncertain and stochastic so-
lutions. KLE and chaotic polynomial expansion (PCE)
methods, which are described below, are used to model
the random input parameters and system random so-
lutions, respectively.

2.3. Discretization of Random Gaussian Input
Fields Using KLE

Despite the fact that most random values in engineer-
ing systems are non-Gaussian, the assumption of a pos-
sible Gaussian distribution is often used because of the
simplicity and lack of relevant experimental data. A
wide range of methods developed to simulate Gaussian
random processes and fields were used in this study
using the KLE method. KLE can be considered as a
special case of orthogonal series expansion in which or-
thogonal functions are selected as special functions of
the second type of Fredholm integral Eq. and auto co-
variance function as the kernel [2, 13, 20, 22, 36, 37].
Suppose that f(x, θ) represents a random field in the
DR domain with a function defined as (f : D×Ω→ R)
in a perfect probability space (Ω,F , P ) for x ∈ D and
θ ∈ Ω where the mean values of f(x, θ) are:

µf(x) =

∫ b

a

f(x, θ) dθ (2)

And for the covariance function x1, x2 ∈ D we will
have:

C(x1, x2)=⟨f(x1, θ)−µf (x1)⟩⟨f(x2, θ)−µf (x2)⟩ (3)

Now if µf(x) and σf(x)represent the mean and stan-
dard deviation of the random field, respectively, the
expansion of KLE will be:

f(x, θ)=µf(x)+σf(x)

N∑
n=1

√
λnϕn(x)ξn(θ) (4)

Where µf(x) denotes the mean of the field, λn and
ϕn(x) represent the eigenvalues and eigenfunctions of
covariance C(x1, x2), respectively, n is a set of non-
correlated variables, and N represents the number of
KLE expansion terms. Also, ξn(θ) is a set of non-
correlated random variables with zero mean and unit
variance. The eigenvalues and eigenvectors are ob-
tained using the Fredholm quadratic integral equation

as follows:∫
D

C(x1, x2)ϕn(x1) dx1=λnϕn(x2) (5)

2.4. Representation of the Solutions By PCE

Random processes and fields are represented by poly-
nomial chaos (PC), which are created by expanding a
series of orthogonal polynomials via a sequence of ran-
dom variables with definite coefficients [13, 15, 16, 23,
38]. Norbert Wiener presented the PC notion based
on the homogeneous PC theory for Gaussian random
variables as follows:

U(θ)=a0Γ0

+
∞∑

i1=1

ai1Γ1(ξi1(θ))

+

∞∑
i1=1

i1∑
i2=1

ai1i2Γ2(ξi1(θ), ξi2(θ))

+
∞∑

i1=1

i1∑
i2=1

i2∑
i3=1

a

i1i2i3

Γ3(ξi1(θ), ξi2(θ), ξi3(θ))

+ . . . (6)

Where, a0, ai1 , ai1i2 , . . . are the constant coeffi-
cients, and ΓP is the p-th PC degree of the standard
Gaussian random variable obtained as follows:

ΓP (ξ)=(−1)P ∂P

∂ξi1 . . .∂ξiP
e−

1
2 ξ

T ξ (7)

Now if we want to rewrite Eq. (6) as follows, there
is:

U(θ) = u0ψ0(ξ(θ))+u1ψ1(ξ(θ))+u2ψ2(ξ(θ)) + . . .

=
∞∑
i=0

uiψi(ξ(θ))
(8)

Where uj and ψj correspond to a0, ai1 , ai1i2 , . . . and
ΓP , respectively. Given that the PCE is orthogonal, it
meets the following conditions:

ψ0(θ)= 1,⟨ψj(θ)⟩= 0,⟨ψj(θ)ψk(θ)⟩ = ⟨ψ2
j (θ)⟩δjk

where δjk is the kronecker delta.

3. Formulation of a SFEM

The expanded random field is used to formulate the
stochastic matrix of each finite element (e). For a spe-
cial case where the modulus of elasticity is defined as
a random spatial variable in a homogeneous random
field f(x, y, z), we will have an element to calculate
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the stiffness of the element: [13–16]∫
V (e)

B(e)TD
(e)
0 B(e) dV (e)

+

∫
V (e)

B(e)TD
(e)
0 B(e)f (e)(x, y, z) dV

(e)

k(e)=k
(e)
0 +∆k(e)

(9)

Where k
(e)
0 and ∆k(e)are the mean stiffness and

stochastic parts of the stochastic stiffness matrix, re-
spectively. B(e) represents the strain-displacement ma-

trix, D
(e)
0 is the mean value of the stress-strain matrix,

and V (e) denotes the volume of the element. The gen-
eral stochastic matrix is formed as follows:

K=

Ne∑
i=1

ke=K0+∆K (10)

Where Ne is the number of finite elements in the
problem. Finally, the analysis of stochastic finite ele-
ments is obtained by algebraically solving the following
equation:

P = (K0+∆K)u (11)

Where P and u are node loading and displacement
vectors, respectively. Assuming that the modulus of
elasticity of the materials (E) used is a Gaussian spatial
random variable with a mean of µE(x) and standard
deviation of σE(x), using KLE, it can be represented
as follows:

E(x, θ)=µE(x)+σE(x)

∞∑
i=1

√
λiϕi(x)ξi(θ) (12)

The stochastic stiffness matrix of a finite element is
as follows:

k
(e)
i (θ) =k

(e)
0 +

∞∑
i=1

k
(e)
i ξi(θ) (13)

In the above formulas, the symbols have already
been defined.

k
(e)
i =

√
λi

∫
Ω

ϕi(x)B
TD0B dΩ (14)

Assuming that the load is certain, the equilibrium
equation of the finite elements will be as follows:[

k
(e)
0 +

∞∑
i=1

k
(e)
i ξi(θ)

]
U(θ)=F (15)

The final equation of equilibrium will be:( ∞∑
i=0

Kiξi(θ)

)( ∞∑
i=0

Uiψi(θ)

)
−F=0 (16)

Finally, a limited number of terms of both expan-
sions are retained. The term M in KLE and the term
p in PCE lead to the residue of ∈M,P , which in the
concept of mean squares must be minimized in order
to obtain the optimal approximation of the exact solu-
tion U(θ) by polynomial ψj(θ):

E[∈M,Pψk]=0, k=0, 1, 2. . . .., P−1 (17)

After several algebraic operations in a system with

N degrees of freedom with P= (M+p)!
M !p! , the linear sys-

tem of equations with dimensions (N × P ) ∗ (N × P )
is obtained:

K00 K01

K10 K11
· · ·

K0,P−2 K0,P−1

K1,P−2 K1,P−1

...
. . .

...
KP−2,0 KP−2,1

KP−1,0 KP−1,1
· · ·

KP−2,P−2 KP−2,P−1

KP−1,P−2 KP−1,P−1




U0

U1

...
UP−2

UP−1

 =


F0

F1

...
FP−2

FP−1

 (18)

4. Numerical implementation of incre-
mental elastoplastic relationships

Based on the history of plastic deformations, the incre-
mental solution is derived from the connection between
a tiny stress increment and a little strain increment
corresponding to the stress state.[39-43] In this part,
first, the mechanics of the dissolving process is defined
before rewriting the incremental relationships for an
elastoplastic material in the form of a matrix. In the
matrix form, the stress increment dσ(x, θ) can be ex-
pressed by the elastic strain increment term dϵe(x, θ)

or the general strain increment, dϵ(x, θ) as follows:

{dσ(x, θ)} = [C(x, θ)]{dϵe(x, θ)}
= [C(x, θ)]({dϵ(x, θ)}−{dϵP (x, θ)}) (19)

{dσ(x, θ)} = [Cep(x, θ)]{dϵ(x, θ)} (20)

The increment of plastic strain {dϵP (x, θ)} is ex-
pressed using a dependent rule as follows:

{dϵP (x, θ)}=dλ ∂f

∂{σ(x, θ)}
(21)

Where ∂f
∂{σ(x,θ)} is a gradient vector of the yield
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function f(σij(x,θ); k(x,θ)). The scalar function dλ is
expressed as Eq. (22):

dλ=
L

h
(22)

Where L is the function of the loading criterion de-
fined in Eq. (23):

L=

{
∂f

∂{σ(x, θ)}

}T

[C(x, θ)]{ dϵ(x, θ)} (23)

The scalar function h is defined in Eq. (24):

h=

{
∂f

∂{σ(x, θ)}

}T

[C(x, θ)]

{
∂f

∂{σ(x, θ)}

}
+A

′
(24)

Where A
′
is:

A
′
= −dk(x, θ)

d∈
C

√{
∂f

∂{σ(x, θ)}

}T {
∂f

∂{σ(x, θ)}

}
∂f

∂k(x, θ)
(25)

Where:

k(x, θ) =
σyv(x, θ)+Ep(x, θ)(ϵ(x, θ)−ϵe(x, θ))√

3

→ dk(x, θ)

d∈

=
Ep(x, θ)√

3
(26-a)

C =

√
2

3
(26-b)

∂f

∂k(x, θ)
= −2k(x, θ) = − 2√

3
σyv(x, θ) (26-c)

And for a material with a hardening model, we will
have bilinear:

Ep(x, θ) =
E(x, θ)ET (x, θ)

E(x, θ)−ET (x, θ)
(27)

Finally, the elastoplastic hardness matrix [Cep(x,θ)]
is:

[Cep(x, θ)] = [C(x, θ)]

−
[C(x, θ)]

{
∂f

∂{σ(x,θ)}

}{
∂f

∂{σ(x,θ)}

}T

[C(x, θ)]{
∂f

∂{σ(x,θ)}

}T

[C(x, θ)]
{

∂f
∂{σ(x,θ)}

}
+A′

(28)

For the plane stress state, when the von Mises yield

criterion is used,
{

∂f
∂{σ(x,θ)}

}
is obtained as follows:

{
∂f

∂{σ(x, θ)}

}
=


2σ11(x,θ)−σ22(x,θ)

3
2σ22(x,θ)−σ11(x,θ)

3
2σ12(x, θ)

 (29)

Stress calculations will be performed for all Gaus-
sian points. In the following, the calculations will be
considered for only one Gaussian point. In step (m+1),
the stresses m{(x,θ)σ} and the strains m{ϵ(x,θ)} in
step m are specified, and the hardening parameters
(mk(x,θ) and m

p(x,θ)) are also calculated at the end
of the step m. For a typical iteration step, i-th ap-

proximate displacement m+1{U}(i) is obtained from
the (m + 1)-th increment of the load. The strain and
strain increment corresponding to this displacement at
the Gaussian point will be as follows:

m+1{ϵ}(i) = [B]
m+1{U}(i) (30)

{∆ϵ(x, θ)} = m+1{(x, θ)ϵ}(i)−m{ϵ(x, θ)} (31)

First, assuming that the behavior of materials dur-
ing the strain increment calculated in Eq. (31) remains
in the elastic range, the elastic stress increment equiv-
alent to this strain increment is calculated as follows:

{∆σe(x, θ)}= [C(x, θ)] {∆ϵ(x, θ)} (32)

Assuming that at the end of the m-th incre-
ment, the stress state at the Gaussian point satisfies
the elastic state conditions f(m{σ(x,θ)};mk(x,θ)) < 0
and in the increment (m+ 1) enters an elastoplas-
tic state f(m{σ}+ {∆σe};mk) > 0. Therefore, there
is a scaling factor (Fig. 2) “r” for which it will
be: f(m{σ(x,θ)}+ r{∆σe(x,θ)};mk(x,θ)) = 0. Then,
the strain will be divided into two parts r{∆ϵ(x,θ)}
and(1 − r){∆ϵ(x, θ)}. The first part deals with the
fully elastic response of materials, while the second
part is related to the response of elastoplastic mate-
rials. Therefore, the stress increment can be obtained
from the following integral as follows:

{∆σ(x, θ)} =
∫ m+1{ϵ(x,θ)}(i)

m{ϵ(x,θ)}
[C(x, θ)]({dϵ(x, θ)}

− {dϵP (x, θ)})

=

∫ m{(x,θ)ϵ}+r{∆ϵ(x,θ)}

m{ϵ(x,θ)}
[C(x, θ)]{dϵ(x, θ)}

+

∫ m{(x,θ)ϵ}+{∆ϵ(x,θ)}

m{ϵ(x,θ)}+r{∆ϵ(x,θ)}
[C(x, θ)]

({dϵ(x, θ)} − {dϵP (x, θ) })
= r{∆σe(x, θ)}

+

∫ m{ϵ(x,θ)}+{∆ϵ(x,θ)}

m{ϵ(x,θ)}+r{∆ϵ(x,θ)}
[C(x, θ)]

({dϵ(x, θ)} − {dϵP (x, θ)}) (33)

{∆σ(x, θ)} = r{∆σe(x, θ)}

+

∫ m{ϵ(x,θ)}+{∆ϵ(x,θ)}

m{ϵ(x,θ)}+r{∆ϵ(x,θ)}
[Cep(x, θ)]{dϵ(x, θ)}

(34)
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Finally, the stress corresponding to m+1{U}(i) will
be obtained as follows:

m+1{σ(x, θ)}(i)=m{σ(x, θ)}+{∆σ(x, θ)} (35)

4.1. Determination of the loading state

The first step in stress calculations is to determine the
loading state of a Gaussian point; in other words, to de-
termine whether the Gaussian point is in the state cor-
responding to the strain increment ({∆ϵ(x, θ)}) in the
plastic loading state, the elastic state, or in the loading
state. Only in situations when the plastic load is dom-
inating, the elastoplastic relations are applied. The
governing ties are more flexible in other circumstances.
The state of materials is analyzed in two entirely dif-
ferent scenarios for this aim. The first state corre-
sponds to the Gaussian point being in an elastic state
at the conclusion of step m, whereas the second state
relates to the Gaussian point being in an elastoplas-
tic state. If the end point of the m-th Gaussian point
is in the elastic state, f(m{σ(x, θ)};mk(x, θ)) < 0, as-
suming that it is created by applying the strain incre-
ment, the state of the Gaussian point remains in the
elastic state, and the corresponding stress increment
is calculated using Eq. (32). According to the stress
obtained based on the above hypothesis, the state of
the Gaussian point is examined. If the yield crite-
rion confirms the correctness of the initial hypothe-
sis that the position of the Gaussian point is in the
elastic state, f(m{σ(x,θ)}+ {∆σe(x,θ)};mk(x,θ)) < 0
at the end of increment (m + 1), all stress calcula-
tions at the Gaussian point can be calculated based
on elasticity relations. However, if the study of
the yield criterion indicates that the materials yield,
f(m{σ(x,θ)}+ {∆σe(x,θ)};mk(x,θ)) > 0, the calcula-
tion of scale factor “r” of the fully elastic strain must
be separated from the elastoplastic strain. Then, the
stress increment in the elastic part is calculated using
the calculated elasticity relations, and the governing
elastoplastic relationships are used for calculating the
stress increment in the elastoplastic part.

Fig. 2. Schematic representation of the scale factor r
to separate the elastic part from the elastoplastic part.

4.2. Calculation of the scale factor “r”

The scale factor “r” is shown schematically in Fig. 2.
To obtain the scale factor, Eq. (36) should be solved.
Eq. (36) can be solved both analytically and numeri-
cally. If the yield equation is expressed simply based
on the invariables, the solution can be analytically ob-
tained; otherwise it is necessary to use numerical meth-
ods to solve Eq. (36).

f(m{σ(x, θ)}+r{∆σe(x, θ)};mk(x, θ)) =0 (36)

Due to the simplicity of the equation form, the von
Mises criteria may be solved both analytically and nu-
merically. As a result, both analytical and numerical
approaches to obtaining the scale factor for the von
Mises yield criterion will be described in this section.
However, it should be noted that the iterative proce-
dure is used to determine the scale factor of numerical
techniques in general. With the isotropic hardening
model, the usual equations for the von Mises yield are:

f({σ(x, θ)}, k(x, θ)) = 1

2
{S(x, θ)}T {S(x, θ)}

− k2(ϵP (x, θ)) (37)

Where {S(x,θ)} is the vector of deviator stresses
defined as follows:

{S(x, θ)}T = {Sx(x, θ);Sy(x, θ);Sz(x, θ);Syz(x, θ);

Szx(x, θ);Sxy(x, θ)} (38)

The increment of the deviator stress is also defined
as follows:

{∆S(x, θ)}T={∆Sx(x, θ),∆Sy(x, θ),∆Sz(x, θ),

∆Syz(x, θ),∆Szx(x, θ),∆Sxy(x, θ)}
(39)

To analytically solve Eq. (36) based on deviator
stresses and the increment of deviator stresses, we have:

f(m{σ(x, θ)}+r{∆σe(x, θ)},mk(x, θ))

=
1

2
(m{S(x, θ)}+r{∆S(x, θ)})T

(m{S(x, θ)}+r{∆S(x, θ)})−mk2(ϵP (x, θ))

=0 (40)

Or:

1

2
r2{∆S(x, θ)}T {∆S(x, θ)}+rm{S(x, θ)}T {∆S(x, θ)}

+
1

2
m{S(x, θ)}Tm{S(x, θ)}−mk2(ϵP (x, θ))=0 (41)

Hence, the scale factor r is obtained by solving Eq.
(41) as follows:

1

2
r2{∆S(x, θ)}T {∆S(x, θ)}+rm{S(x, θ)}T {∆S(x, θ)}

+
1

2
m{S(x, θ)}Tm{S(x, θ)}−mk2(ϵP (x, θ))=0 (42)
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To numerically solve an iterative process until we
reach the desired error rate, the general process of this

solution will be presented in Eq. (43).

r(0)=0

r(1)=
f(m{σ(x, θ)},mk(x, θ))

f(m{σ(x, θ)},mk(x, θ))−f(m{σ(x, θ)}+{∆σe(x, θ)},mk(x, θ))

r(i+1)=r(i)− f(m{σ(x, θ)}+r(i){∆σe(x, θ)},mk(x, θ))
f(m{σ(x, θ)}+r(i−1){∆σe(x, θ)},mk(x, θ))−f(m{σ(x, θ)}+r(i){∆σe(x, θ)},mk(x, θ))

(r(i−1)−r(i))

(43)

4.3. Integration Techniques

The algorithms used to integrate Eq. (33) or (34) can
be divided into two categories: One group is based on
explicit techniques and the other group is based on
implicit techniques. For both types, to achieve the re-
quired accuracy in the integration process, the elasto-
plastic strain increment can be divided into an ap-
propriate number of n, which is called sub-increment,
{∆∈̃(x, θ)}.

{dϵ(x, θ)}={∆∈̃(x, θ)}=(1−r){∆∈(x, θ)}
n

(44)

Forward stresses are estimated from one strain sub-
increment to the next, if an explicit procedure is em-
ployed, such as the Euler forward method. The stresses
at the end of each sub-increment are computed again,
if an implicit approach is employed, such as the Euler
backward method. Hence, in this case, there are two it-
erative loops in solving nonlinear equations, one is the
iteration loop of equilibrium equations, and the other
is during the integration process to evaluate the accu-
racy of stresses. In this section, we will only discuss
some details of the explicit Euler forward method. For
each sub-increment,{∆∈̃(x,θ)}, the explicit method in-
cludes the following steps:

Step 1: Determine the plastic strain increment using
{∆ϵ̃p} with a suitable algorithm and determine the ef-
fective plastic strain increment ∆∈̃p.

{∆ϵ̃p(x, θ)}=(1−r)
n

L

h

{
∂f

∂{σ(x, θ)}

}
(45)

Step 2: Calculate the stress sub-increment {∆σ̃(x, θ)}

{∆σ̃(x, θ)} = [C(x, θ)]({∆∈̃(x, θ)}−{∆ϵ̃p(x, θ)} (46)

Step 3: Update the stress, strain and hardening pa-
rameters:

{σ(x, θ)} ← {σ(x, θ)}+{∆σ̃(x, θ)}
{∈(x, θ)} ← {ϵ(x, θ)}+{∆∈̃(x, θ)}
{∈P (x, θ)} ← {∈P (x, θ)}+{∆ϵ̃p(x, θ)}
ϵP (x, θ)←ϵP (x, θ)+∆∈̃p(x, θ), k←k(ϵP (x, θ))

(47)

4.4. Modification of the Increments to Satisfy
Compatibility Conditions

Compatibility conditions df = 0 must be met in a plas-
tic loading process. However, since many approxima-
tions are used in a numerical solution, the compati-
bility conditions are often not met. Adding a strain
sub-increment to the next load state results in:

f({σ(x, θ)};ϵP (x, θ)) ̸=0 (48)

In other words, the stress is not on the next yield
surface and moves away from the yield surface. Such
a stress deviation accumulates from the yield surface
and leads to very important errors for solving non-
linear equations. As a result, the stress vector must
be changed to meet the compatibility requirements.
Adding a correction vector in the direction of the nor-
mal yield surface vector to the stress vector is a com-
mon way to do so.

{δσ(x, θ)}=a
{

∂f

∂{σ(x, θ)}

}
a=

−f({σ(x, θ)}, k(x, θ)){
∂f

∂{σ(x,θ)}

}T {
∂f

∂{σ(x,θ)}

} (49)

Finally, the modified stress vector will be obtained:

{σ(x, θ)}←{σ(x, θ)}+{δσ(x, θ)} (50)

4.5. Formulation of the Structures with Non-
linear Materials in SSFEM:

To use SSFEM for solving uncertain structures with
nonlinear materials, first, by using the operators of this
method and selecting the appropriate number of terms
from KLE and PCEs, the input random variables and
solution are modeled. Then, the process of solving the
stiffness matrix is formed and assuming that the be-
havior of the materials is linear, the problem begins
to be solved. In each increment, before a solution sub-
increment is completed, the stress state at the Gaussian
points is checked so that if the material yielding crite-
ria are activated, the operators of the plastic condition
applications modify the stresses and, consequently, the
solutions are corrected. This process continues until
the problem is completely solved and the desirable so-
lution is achieved.
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4.6. Structural Reliability Analysis Based on
Spectral Finite Element Method

In the sense of structural reliability, the probability
of failure occurs when the load and material properties
are random variables (X), and structural failure can be
estimated using a finite state function (g(x)) defined
for the structure response. The failure probability is
then calculated using the multiple integral defined in
the failure domain Df = {g(x) ≤ 0} as follows [33]:

Pf=prob[g(x)≤0]=
∫
Df

f(x) dx (51)

Where f(x) is PDF x and prob is a measure of prob-
ability. Since Eq. (51) is difficult to solve in most engi-
neering problems, various numerical methods were pro-
posed for these problems. Since the output of stochas-
tic spectral finite elements is a structural stochastic
response vector, it could be easy to calculate the PDF
and CDF of the responses and the probability of struc-
tural failure using MCS. The probability of failure can
be approximated as follows:

Pf=
n

N
(52)

Where n is the number of samples for g(x) ≤ 0,
and Ns is the total number of samples. The reliability
index (β) in MCS is defined as follows:

β= −Φ−1(Pf ) (53)

Where Φ is the CDF of normal standard.

5. Numerical Examples

5.1. Example 1: A Square Plate

Fig. 3 shows a plate in the plane stress mode with di-
mensions of 160 * 160 * 2mm, zero material density
and Poisson’s coefficient of 0.3 under four concentrated
horizontal loads p1 in three nodes, 2,3 and 4 and three
concentrated vertical loads p2 in nodes 10,15 and 20
that, the specifications of the loads are listed in Table
1. The support is between rigid nodes 1 to 21. For anal-
ysis, loading, modulus of elasticity E (Fig. 4) and yield
stress S are considered as random fields with mean and
standard deviation σ. All three parameters are defined
based on Eq. (54) using the two-dimensional exponen-
tial function. bx and by are correlation lengths, which

are assumed to be equal to 160 in both directions, and
for a KLE with 4 terms, eigenvalues and eigenvectors
are shown in Fig. 5 and Fig. 6. In this case, the
maximum acceptable displacement is 6mm. In this ex-
ample, by changing the number of M and p, the effect
of increasing and decreasing the number of KLE terms
and the order of PCE on the accuracy of the results
are evaluated.

Fig. 3. The structure examined in example 1.

Fig. 4. Modulus of elasticity of the materials in ex-
amples 1 and 2.

Table 1
Structure input specifications of example 1.

Value Parameter Value Parameter Value Parameter Value Parameter
25 Nodes 235MPa µS 20GPa µET 20000N µp1
16 Elements 23.5MPa σS 2GPa σET 2000N σp1
40mm×40mm Mesh size 160 bx 200GPa µE 30000N µp2

160 by 20GPa σE 3000N σp2
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C(X1, X2) = exp

(
−|x1, x2|

bx
− |y1, y2|

by

)
(54)

The mean displacements and stresses and standard
deviations resulted from NSSFEM can be seen in Fig.
??. By examining the results obtained from the pro-
posed method and comparing these data with the out-
puts of the Monte Carlo method (10,000 samples were
evaluated in both examples), the accuracy of the pro-
posed solution was very favorable due to the reduction
of computation time. Figs. 7 and 8 provide a compar-
ison between the PDFs as well as the CDFs obtained
for vertical displacement at node 25 and the accuracy

based on differentMs and ps. Based on the results pre-
sented in these figures, it can be found that the effect of
increasing the M term is more than p in achieving the
desirable result. On the other hand,M has an effect on
the accuracy of the obtained values, and p has a very ef-
fective effect on the scatter of responses. The accuracy
of the findings is high, with an error rate of less than
3%. Fig. 9 shows the relationship between the mean
displacement values produced using the Monte Carlo
approach and NSSFEM. Table 2 shows the results of
the NSSFEM and MCS techniques for the chance of
failure and computation time.

Fig. 5. Eigenvalues for 4 KLE terms in 2 dimensions.

Fig. 6. Eigenvectors for 4 KLE terms in 2 dimensions.
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Fig. 7. Mean and standard deviation of displacement and stress in the structure example 1.

Fig. 8. PDF and CDF of vertical displacement at node 25 for p = 4 and variable Ms.
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Fig. 9. PDF and CDF of vertical displacement at node 25 for M = 4 and variable p.

Table 2
Probability of failure and structural analysis time of example 1.

Time (sec) β Pf Case
17362 2.2058 0.0137 MCS

1273 2.2286 0.01292 NSSFEM

Fig. 10. Correlation between mean displacement val-
ues obtained from Monte Carlo method and SSFEM
M = 4, p = 3.

5.2. Example 2: A square plate with a central
cut-out

Fig. 13 shows a square plate with a central cut-out
with three different meshings in the plane stress mode
with dimensions of 120*120*2mm. The density of ma-
terials is assumed to be zero and the Poisson’s ratio
to be 0.3. Structures under a wide vertical load q,
three concentrated horizontal loads p1, and two con-
centrated vertical loads p2, where the locations of the

loads in each mesh were shown in Table 3, and the load
specifications are presented in Table 4. The location of
the joint support for each mesh is given in Table 3.
For analysis of loading, modulus of elasticity E (Fig.
4) and yield stress S are considered as random fields
with a mean and standard deviation σ. All three pa-
rameters are defined according to Eq. (54) using the
two-dimensional exponential function. bx and by are
correlation lengths assumed to be equal to 120 in both
directions, and eigenvalues and eigenvectors for a KLE
with 4 terms are displayed in Figs. 10 and 11.

In this case, the reliability analysis is performed
using type 3 meshing, and a maximum acceptable dis-
placement of 10mm is considered.

Fig. 11. Eigenvalues for 4 KLE terms in 2 dimensions
for example 2.

Table 3
Meshing specifications and location of loads and supports in each meshing in example 2.

location of loads location of loads location of loads Mesh Number of Number of Mesh

q p2 (nodes) p1 (nodes) size nodes elements

Between nodes4-16 4,16 2, 3,4 40mm×40mm 16 9 Mesh1

Between nodes7-48 7,48 3, 5,7 20mm×20mm 48 32 Mesh2

Between nodes13-160 13,160 13, 9,5 10mm×10mm 160 128 Mesh3
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Fig. 12. Eigenvectors for 4 KLE terms in 2 dimensions for example 2.

Fig. 13. Structural meshing of example 2.

Table 4
Structural input data of example 2.

Value Parameter Value Parameter Value Parameter

100GPa µ ET 1000N µp2 200N/mm µq

10GPa ETσ 100N σp2 20N/mm qσ

235MPa µ S 200GPa µE 6 000N µp1

23.5MPa σS 20GPa Eσ 600N σp1

Three different sizes of meshing are utilized in this
example to demonstrate how to achieve the desired so-
lution and the impact of meshing dimensions. The
findings were produced for varying M and p using two

forms of meshing 1 and 2 and compared to the values
acquired using the Monte Carlo approach (Figs. 13-
20).By viewing the PDF and CDF diagrams (Figs. 13,
14-16, and 18-20) obtained for the displacements, it can
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be seen that by increasing the KL and PCE terms, the
accuracy of the results is increased to the point that
in both meshings with p=4, M=4, the mean value and
standard deviation of displacement in the nodes with
an error percentage of less than 4% correspond to the
values obtained from Monte Carlo (Figs. 16, 20, and
23). For the third meshing, only p=4, M=4 were used
in modeling the probabilistic parameters, the results of
which can be observed in Figs. 21, 22, and 23. Fig. 23

shows the correlation between the outputs of MCS and
NSSFEM, which can clearly show the resultant consis-
tency. In this example, the mean error is less than 4%.
Mean displacements and stresses and standard devia-
tions obtained from NSSFEM can be seen in Figs. 13,
17, and 21 for all three types of meshing. The values
obtained for the probability of failure as well as the du-
ration of calculations of both NSSFEM and MCS are
presented in Table 5.

Fig. 14. Mean and standard deviation of displacement and stress in the structure of example 2, meshing No.
1.
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Fig. 15. PDF and CDF of horizontal displacement at node 16 for p = 4 and variable Ms.

Fig. 16. PDF and CDF of horizontal displacement at node 16 for M = 5 and variable p.

Fig. 17. Correlation between the mean displacement values obtained for meshing 1 of example 2 of the Monte
Carlo method and the SSFEM M = 4, p = 4.
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Fig. 18. Mean and standard deviation of displacement and stress in the structure of example 2; Meshing No.
2.

Fig. 19. PDF and CDF Horizontal displacement at node 48 for p = 4 and M variables.
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Fig. 20. PDF and CDF of horizontal displacement at node 16 for M = 5 and variable p.

Fig. 21. Correlation between the mean displacement values obtained for meshing 3 of example 2 for the Monte
Carlo method and the SSFEM M = 4, p = 4.

Table 5
Probability of failure and structural analysis time of example 2.

Time (sec) β Pf Case

1375265 3.2835 0.0112 MCS

115421 3.2476 0.0123 NSSFEM

6. Conclusions

Factoring in uncertainty in the structure’s input pa-
rameters complicates the problem, particularly because
nonlinear analysis is both time-consuming and com-
putationally intensive. To address this, we introduced
the nonlinear spectral stochastic finite element method
(NSSFEM), which generalizes the SSFEM for nonlin-
ear problems. The proposed NSSFEM incorporates un-
certainties in both materials and loads, making it ap-
plicable to structures modeled with elastoplastic ma-
terials. Our modeling results demonstrate that us-
ing NSSFEM, as opposed to Monte Carlo Simulation
(MCS), significantly reduces the computation time re-
quired to obtain structural responses. Additionally,

NSSFEM achieves an error rate of less than 3% in these
responses. The proposed NSSFEM was also utilized
to analyze the reliability of structures. The values of
the Karhunen-Loève expansion (KLE) and polynomial
chaos expansion (PCE) terms were optimized. The
findings indicate that increasing the number of KLE
terms (M) has a greater impact on accuracy than in-
creasing the order of PCE (p). Moreover, both increas-
ing and decreasing KLE terms are more effective in
enhancing the result accuracy. This study shows that
larger structures require fewer KLE and PCE terms to
achieve the desired level of accuracy. Overall, the re-
sults from NSSFEM demonstrate 97% accuracy while
significantly reducing the computation time.
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Fig. 22. Mean and standard deviation of displacement and stress in the structure of example 2; meshing No.
3.

Fig. 23. PDF and CDF of horizontal displacement at Node 160.



Journal of Stress Analysis/ Vol. 8, No. 1, 2023-24 53

Fig. 24. Correlation between the mean displacement values obtained for meshing 3 of example 2 for the Monte
Carlo method and the SSFEM M = 4, p = 4.
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[30] M. Kamiński, P. Świta, “Structural stability and
reliability of the underground steel tanks with
the Stochastic Finite Element Method,” Arch.
Civ. Mech. Eng., 15(2) (2015) 593-602, doi:
10.1016/j.acme.2014.04.010.
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