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The Distribution of displacements and stresses in a finite length hollow cylinder
made of functionally graded material (FGM) subjected to coupled hygrother-
mal loading was investigated. The simply supported cylinder was under a
transient coupled hygrothermal loading. Furthermore, the internal pressure
and viscoelastic foundation can be considered for the cylinder. The coupled
equations of heat and moisture transfer and motion equations of the cylinder
were solved employing the Fourier series expansion method, the differential
quadrature method (DQM), and the Newmark method along the longitudinal
direction, the radial direction, and the time domain, respectively. Finally, the
distribution of temperature, humidity, deformations, and stresses was obtained.
The effects of coupled and uncoupled hygrothermal loading, grading index,
hygrothermal boundary condition, and viscoelastic foundation are illustrated
in the numerical examples. The results show that the FGM cylinder touches
the temperature balance before using the uncoupled model rather than the
coupled model. Moreover, by serving the time, the radial displacement, and
maximum hoop stress increase, and longitudinal displacement decreases to
reach steady-state condition.

Nomenclature
cij Component of the stiffness matrix hLV Heat of phase change [kJ/kg]
E Elastic moduli L Length of cylinder
T Temperature distribution [K] ε Hygrothermal index
M Moisture concentration [◦M] cp Heat capacity [J/kgK]
σi Normal stress component [N/m2] cm Moisture capacity [J/kg◦M]
τij Shear stress component [N/m2] a Inner radius [m]
ρ Mass density [kg/m3] b Outer radius [m]
ζ Conduction coefficient of moisture [kg/ms◦M] k Thermal conductivity coefficients [W/mK]
α Thermal expansion coefficients [1/K] ui Displacements [m]
ξi Moisture expansion coefficients [m3/kg] εi Components of strain
β Grading index Cd Viscoelastic coefficient
ξd Ratio of vapor diffusion coefficient to coeffi-

cient of total moisture diffusion
A

(n)
ij Weighting coefficients for the nth-order

derivatives
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ν Poison ratio kL Winkler’s modulus
γ Heat of absorption or desorption [kJ/kg] N Number of grid points along the x-direction

1. Introduction

FGMs have been employed in industrial structures
owing to their excellent thermomechanical properties.
The idea of FGM is proper to various engineering ar-
eas such as nuclear energy, aerospace vehicle, chemical
plant, and electronics [1-3]. In the last decade, many
researchers tried to study the behavior of FGMs in var-
ious environmental conditions [4, 5]. Due to usages of
industrial structures subjected to various environmen-
tal conditions and loads, disclosing the influence of hu-
midity, thermal environment, and mechanical loads on
their behavior is a new topic in the literature.

Stress analysis of FGM cylinders and cylindri-
cal shells is the topic of many research works in
the literature. Jabbari et al. [6] analyzed thermo-
mechanical stresses in FGM thick-walled cylinders un-
der non-axisymmetric steady-state loads. Jabbari
et al. [7] studied the three-dimensional thermo-
mechanical stresses in FGM short hollow cylinders.
Ootao and Tanigawa [8] presented the transient ther-
moelastic analysis of FGM thick-walled cylinders sub-
jected to asymmetrical thermal boundary conditions.
Transient heat conduction in two-dimensional FGM
short hollow cylinders was analyzed by Asghari and
Akhlaghi [9]. Loghman et al. [10] analyzed the time-
dependent creep behavior of FGM hollow cylinders
subjected to a magnetic field and thermo-mechanical
loads. Dai and Rao [11] presented an investigation
for the transient behavior of thick-walled FGM cylin-
ders under radially symmetric loads. Zamani Nejad
and Davoudi Kashkoli [12] presented time-dependent
thermo-mechanical creep analysis for a rotating hol-
low cylinder made of FGM. Using a semi-analytical
solution, Jabbari et al. [13] analyzed rotating vari-
able thickness of FGM cylindrical shells subjected
to thermal loads and internal non-uniform pressure.
Davoudi Kashkoli et al. [14] analyzed time-dependent
creep stresses and deformation of FGM cylinders sub-
jected to thermal loading. The transient thermo-
mechanical behavior of a short hollow cylinder made of
two-dimensional FGM was investigated by Najibi and
Talebitooti [15]. A new 2D-FGM material model based
on the Mori-Tanaka scheme and third-order transition
function was expressed for a short hollow cylinder by
Najibi [16]. Hajisadeghian et al. [17] used an analytical
solution to analyze stresses in an axisymmetric double-
layered cylinder made of FGM and homogeneous layers
under magneto-thermo-mechanical loads. The prob-
lem of time-dependent responses of a rotating thick-
walled cylinder made of Functionally Graded Magneto-
Electro-Elastic (FGMEE) was analyzed by Saadatfar
[18]. Yarimpabuc obtained a closed-form solution for

transient thermal stress response of FGM hollow cylin-
ders subjected to temperature gradient under a peri-
odic rotation [19]. A thermo-elastic analysis for rotat-
ing variable thickness FGM cylindrical shells subjected
to thermal and mechanical loads was presented by Jab-
bari and Zamani Nejad [20].

Analysis of multilayered composites, FGMs, and
smart materials in the hygrothermal environmental
condition is of interest for many researchers. Using
an analytical method, Akbarzadeh and Chen [21] in-
vestigated the hygro-thermo-elastic stresses in FGPM
cylinders. Allam et al. [22] analyzed the hygro-
thermo-electro-elastic stresses in thick-walled piezo-
electric cylinders. Saadatfar and Aghaie-Khafri [23]
evaluated hygrothermal stresses and displacements
in FGMEE thick-walled spheres using an analytical
method. Saadatfar and Aghaie Khafri [24] analyzed
a hybrid cylindrical shell with FGM core and FGPM
layers under hygro-thermo-mechanical loadings. They
explained that the inhomogeneity index has a sig-
nificant effect on the authority of the FGPM actu-
ator and sensor under multifield loading. Saadatfar
and Aghaie-Khafri [25] analyzed the hygrothermal re-
sponse of FGM cylindrical shells with FGPM face-
sheets. Later, hygro-thermo-magneto-electro-elastic
analysis of this problem was presented by saadatfar [26,
27]. Saadatfar [28] investigated the history of electric
and magnetic potentials, radial and hoop stresses, and
radial deformation of thick-walled FGMEE cylinders
subjected to an axisymmetric hygro-thermo-magneto-
electro-mechanical loading. Saadatfar [29] analytically
solved the problem of the time-dependent behavior of a
piezomagnetic rotating thick-walled cylinder subjected
to axisymmetric multi-physical loads. Later, Saadat-
far [30] investigated the temperature distribution ob-
tained from coupled and uncoupled hygrothermal mod-
els in FGM cylinders. Using DQM, Saadatfar [31] an-
alyzed the transient hygrothermal stress of a simply-
supported short-length FGPM cylinder.

Due to the complexity of coupled hygrothermal
equations, the uncoupled hygrothermal equations have
been supposed in most of the published articles. Us-
ing the finite difference method, Yang et al. [32]
solved the transient coupled hygrothermal problem of
a long cylinder. An investigation on the hygrother-
mal stresses and deformation of a rotating FGPM disc
under coupled hygrothermal loading was presented by
Dai et al. [33]. Dai et al. [34] studied the cou-
pled hygrothermal stress and displacement of a rotat-
ing porous disk made of functionally graded carbon
nanotube-reinforced composites. The transient cou-
pled hygrothermal and mechanical behavior of a long
cylinder under sudden hygrothermal loadings was stud-
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ied Peng et al. [35]. Peng et al. [36] analyzed the
transient response of a long porous cylinder subjected
to coupled hygrothermal conditions.

Literature review reveals that there is not any re-
ported work on transient responses of a finite length
FGM cylinder subjected to coupled hygrothermal con-
ditions. Thus, for the first time, the coupled equa-
tions of heat conduction and moisture diffusion to-
gether with motion equations were considered for finite
length FGM cylinder. Therefore, the novelty of this
work is to consider the transient coupled hygrothermal
loading in FGM cylinders. All of the reported articles
in the literature worked on transient thermal and tran-
sient uncoupled hygrothermal loading. No published
article is there to investigate the coupled hygrother-
mal stress and compare it with uncoupled hygrother-
mal stress in FGM cylinders.

2. Coupled Hygrothermal Field

Consider a hollow cylinder with interior and exterior
radius a and b, respectively. Since the finite or long
length assumption for the cylinder depends on the ra-
tio of radius to length [37], the finite length was as-
sumed for the cylinder to have more general analysis.
The FGM cylinder is located in a hygrothermal field.
For the sake of simplifying, the material properties of
the FGM are supposed to be a power-law function of
radius as:

Y = Y ′
( r
a

)β
, Y = E, k, ρ, ζ, α, ξ (1)

where β is the grading index and Y and Y ′ are material
constants and corresponding values at the inside ra-
dius, respectively. Furthermore, E, ρ, k, ζ, α, and ξ are
the elastic moduli, mass density, coefficients of thermal
conductivity, moisture diffusivity, thermal expansion,
and moisture expansion, respectively.

2.1. Basic Equations

The coupled hygrothermal equations are expressed as
[38]:

∇ · (k∇T ) + ρcm(ξDhLV + γ)
∂M

∂t
= ρcP

∂T

∂t

ρcm
∂M

∂t
= ∇ · (ζ∇M) +∇ · (εζ∇T )

(2)

where, M , T , cm, cp, ε, γ, hLV and ξd are the tem-
perature, moisture, moisture capacity, heat capacity,
hygrothermal index, the heat of absorption, the heat
of phase change, and the ratio of vapor diffusion co-
efficient to coefficient of total moisture diffusion, re-
spectively. It should be mentioned that the uncoupled
hygrothermal is reached if the term ρcm(ξDhLV +γ)Ṁ
in the first equation and the term ∇ · (εξ∇T ) in the

second equation are omitted. Considering these terms
is the difference between the present investigation with
the reported investigations in the literature. Consider-
ing the cylindrical coordinate system, Eq. (2) can be
rewritten as:

1

r

∂

∂r

(
rkr

∂T

∂r

)
+

1

r2
∂

∂θ

(
kθ

∂T

∂θ

)
+

∂

∂z

(
kz

∂T

∂z

)
=

ρcP
∂T

∂t
− [ρcm(ξDhLV + γ)]

∂M

∂t

1

r

∂

∂r

(
rζr

∂M

∂r

)
+

1

r2
∂

∂θ

(
ζθ

∂M

∂θ

)
+

∂

∂z

(
ζz

∂M

∂z

)

+
1

r

∂

∂r

(
rεζr

∂T

∂r

)
+

1

r2
∂

∂θ

(
εζθ

∂T

∂θ

)

+
∂

∂z

(
εζz

∂T

∂z

)
= ρcm

∂M

∂t
(3)

Due to the axisymmetric condition, the terms include
derivative respect to θ are vanished. By using Eq. (1),
one has:(
k′r

(
∂2

∂r2
+

β + 1

r

∂

∂r

)
+ k′z

∂2

∂z2

)
T

=
( r
a

)β
ρ′c′p

∂T

∂t
−
( r
a

)β
ρ′c′m(ξDhLV + γ)

∂M

∂t(
ζ ′r

(
∂2

∂r2
+

β + 1

r

∂

∂r

)
+ ζ ′z

∂2

∂z2

)
M +

(
εζ ′r

(
∂2

∂r2

+
β + 1

r

∂

∂r

)
+ εζ ′z

∂2

∂z2

)
T =

( r
a

)β
ρ′c′m

∂M

∂t

(4)

The initial conditions of the hygrothermal field are
considered as:

T (r, z, 0) = 0,M(r, z, 0) = 0 (5)

The boundary conditions of hygrothermal field can be
considered as:

T (a, z, t) = Ta, T (b, z, t) = Tb

M(a, z, t) = Ma, M(b, z, t) = Mb

T (r, 0, t) = 0, T (r, L, t) = 0

M(r, 0, t) = 0, M(r, L, t) = 0

(6)

2.2. Solution Method

The solutions of the coupled hygrothermal problem sat-
isfying the hygrothermal boundary conditions at the
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end faces of the cylinder can be taken as:

T (r, z, t) =

∞∑
n=1

T̄n(r, t) sin(pnz)

M(r, z, t) =
∞∑

n=1

M̄n(r, t) sin(pnz)

(7)

where, pn = nπ/L. Using Eq. (7), Eq. (4) can be
rewritten as:(

k′r

(
∂2

∂r2
+

β + 1

r

∂

∂r

)
− k′zp

2
n

)
T̄

=

(
r

a

)β

ρ′c′p
∂T

∂t
−
( r
a

)β
ρc′m(ξDhLV + γ)

∂M̄

∂t(
ζ ′r

(
∂2

∂r2
+

β + 1

r

∂

∂r

)
− ζ ′zp

2
n

)
M̄ +

(
εζ ′r

(
∂2

∂r2

+
β + 1

r

∂

∂r

)
− εζ ′zp

2
n

)
T̄ =

( r
a

)β
ρ′c′m

∂M̄

∂t

(8)

According to DQM, the nth-order derivative of the
function f(x) can be estimated as [26]:

dnf(xi)

dxn
=

N∑
j=1

A
(n)
ij f(xj)

i = 1, · · · , N, n = 1, · · · , N − 1

(9)

where, the first and the second-order weighting coeffi-
cients can be expressed as [26]:

A
(1)
ij =

Π(xi)

(xi − xj) ·Π(xj)
i, j = 1, · · · , N and j ̸= i

A
(2)
ij = 2

[
A

(1)
ii ·A(1)

ij −
A

(1)
ij

xi − xj

]
2 ≤ n ≤ N − 1

A
(1)
ii = −

N∑
j=1
j ̸=i

A
(1)
ij k = 1, · · · , N − 1

Π(xi) =
N∏
j=1
j ̸=i

(xi − xj)

(10)
Moreover, the Chebyshev–Gauss–Lobatto points can
be used as [24]:

xi =
L

2

(
1− cos

[
(i− 1)π

(N − 1)

])
i = 1, 2, · · · , N (11)

Using DQM, the equations of coupled hygrothermal

can be expressed as:

k′r

 N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

 T̄j − k′zp
2
nT̄i

=
(ri
a

)β
ρ′c′p

∂T̄i

∂t
−
(ri
a

)β
ρ′c′m(ξDhLV + γ)

∂M̄i

∂t
(12)

ζ ′r

 N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

 M̄j − ζ ′zp
2
nM̄i

+ εζ ′r

 N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

 T̄j − εζ ′zp
2
nT̄i

=
(ri
a

)β
ρ′c′m

∂M̄i

∂t

Now the Newmark method is selected for discretizing
the time domain. The time domain is discretized by
time step ∆t. According to the Newmark method, the
function U(r, t) and its derivatives with respect to time
can be approximated by [33]:

Ü(ri, ti+1) = a0(U(ri, ti+1)− U(ri, ti))− a1U̇(ri, ti)

− a2Ü(ri, ti)− a2Ü(ri, ti)

U̇(ri, ti+1) = U̇(ri, ti) + a3Ü(ri, ti) + a4Ü(ri, ti+1)

a0 =
1

α0∆t2
, a1 =

1

α0∆t
, a2 =

1

2α0
− 1,

a3 = ∆t(1− δ0), a4 = δ0∆t
(13)

where α0 =
1

4
and δ0 =

1

2
are used. Now, Eq. (12) can

be rewritten in the form as:

k′r

 N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

 T̄j(tk+1)

−
(
k′zp

2
n + a4a0

(ri
a

)β
ρ′c′p

)
T̄i(tk+1)

+ a4a0

(ri
a

)β
ρ′c′m(ξDhLV + γ)M̄i(tk+1)

=
(ri
a

)β
ρ′c′p

( ˙̄Ti(tk) + a3
¨̄Ti(tk)

− a4a0T̄ (tk)− a4a1
˙̄Ti(tk)− a4a2T̈i(tk)

)
−
(ri
a

)β
ρ′c′m(ξDhLV + γ)( ˙̄Mi(tk) + a3

¨̄Mi(tk)

− a4a0M̄i(tk)− a4a1
˙̄Mi(tk)− a4a2M̄i(tk)

)
(14)
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ζ ′r

(
N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

)
M̄j(tk+1)

−
(
ζ ′zp

2
n + a4a0

(ri
a

)β
ρ′c′m

)
M̄i(tk+1)

+ εζ ′r

 N∑
j=1

A
(2)
ij +

β + 1

ri

N∑
j=1

A
(1)
ij

 T̄j(tk+1)

− εζ ′zp
2
nT̄i(tk+1) =

(ri
a

)β
ρ′c′m

( ˙̄
iM(tk) + a3

¨̄Mi(tk)

− a4a0M̄i(tk)− a4a1
˙̄Mi(tk)− a4a2

¨̄Mi(tk)−
)

(15)

Now, employing an iterative method, the resultant sys-
tem of algebraic equations can be solved in each time
step.

3. Basic Formulation of Stress Problem

3.1. Basic Equations

Stresses in the FGM cylinder in terms of strains can
be written as [25]:

σr = c11εr + c12εθ + c13εz − λrT − w̄rM

σθ = c21εr + c22εθ + c23εz − λθT − w̄θM

σz = c31εr + c32εθ + c33εz − λzT − w̄zM

τrz = c55γzr

λr = c11αr + c12αθ + c13αz

λθ = c12αr + c22αθ + c23αz

λz = c13αr + c23αθ + c33αz

w̄r = c11ξr + c12ξθ + c13ξz

w̄θ = c12ξr + c22ξθ + c23ξz

w̄z = c13ξr + c23ξθ + c33ξz

(16)

where, cij , σi, τi, εi, λi, and w̄i are components of
the stiffness matrix, normal stress, shear stress, normal
strain, thermal modulus, and moisture modulus, re-
spectively. The strain-displacement relations are taken
as [20]:

εr =
∂ur

∂r
, εθ =

u

r
εz =

∂uz

∂z
,

γzr =

(
∂ur

∂z
+

∂uz

∂r

) (17)

Employing Eq.(1) and Eq.(17) in Eq.(16) yields:

σr =
( r
a

)β [
c′11

∂ur

∂r
+ c′12

(ur

r

)
+ c′13

∂uz

∂z

]

− λ′
r

( r
a

)2β
T − w̄′

r

( r
a

)2β
M

σθ =
( r
a

)β [
c′12

∂ur

∂r
+ c′22

(ur

r

)
+ c′23

∂uz

∂z

]

− λ′
θ

( r
a

)2β
T − w̄′

θ

( r
a

)2β
M (18)

σz =
( r
a

)β [
c′13

∂ur

∂r
+ c′23

(ur

r

)
+ c′33

∂uz

∂z

]

− λ′
z

( r
a

)2β
T − w̄′

z

( r
a

)2β
M

τrz =
( r
a

)β [
c′55

(
∂ur

∂z
+

∂uz

∂r

)]
Equations of motion for axisymmetric deformations of
the cylinder are expressed as [27]:

∂σr

∂r
+

∂τrz
∂z

+
σr − σθ

r
= ρ

∂2ur

∂t2

∂τrz
∂r

+
∂σz

∂z
+

τrz
r

= ρ
∂2uz

∂t2

(19)

Substituting E. (18) in Eq. (19) yields:(
c′11

∂2

∂r2
+

(β + 1)c′11
r

∂

∂r
+

βc′12 − c′22
r2

+ c′55
∂2

∂z2

)
ur

+

(
1

r

(
(β + 1)c′13 − c′23)

∂

∂z
+ (c′13 + c′55)

∂

∂r∂z

)
uz

+
( r
a

)β (1

r
(λ′

θ − (2β + 1)λ′
r)− λ′

r

∂

∂r

)
T

+
( r
a

)β (1

r

(
w̄′

β − (2β + 1)w̄′
r

)
− w̄′

r

∂

∂r

)
M = ρ′

∂2ur

∂t2

(20)(
1

r

(
(β + 1)c′55 + c′23

) ∂

∂z
+ (c′55 + c′13)

∂

∂r∂z

)
ur

+

(
β + 1

r
c′55

∂

∂r
+ c′55

∂2

∂r2
+ c′33

∂2

∂z2

)
uz

− λ′
z

( r
a

)β ∂

∂z
T − w̄′

z

( r
a

)β ∂

∂z
M = ρ′

∂2uz

∂t2
(21)

The simply supported boundary conditions were con-
sidered for the cylinder. Additionally, the internal
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pressure and viscoelastic foundation can be taken for
the cylinder. Therefore, the boundary conditions can
be expressed as:

ur = σz = 0 at z = 0, L

σr = −Pa, τzr = 0, at r = a

σr = −kLur − Cd
∂ur

∂t
, τzr = 0, at r = d

(22)

where kL and Cd are Winkler modulus and viscoelastic
coefficient, respectively.

3.2. Solution Method

The solution satisfying the boundary conditions can be
taken as:

ur(r, z, t) =
∞∑

n=1

Ur(r, t) sin(bnz)

uz(r, z, t) =

∞∑
n=1

Uz(r, t) cos(bnz)

(23)

Substituting Eq. (23) into Eqs. (20) and (21) yields:(
c′11

∂2

∂r2
+

(β + 1)c′11
r

∂

∂r
+

βc′12 − c′22
r2

− c′55b
2n

)
Ur

−

(
bn
r

(
(β + 1)c′13 − c′23) + bn(c

′
13 + c′55)

∂

∂r

)
Uz

+
( r
a

)β (1

r
(λ′

θ − (2β + 1)λ′
r)− λ′

r

∂

∂r

)
T̄

+
( r
a

)β (1

r

(
w̄′

β − (2β + 1)w̄′
r

)
− w̄′

r

∂

∂r

)
M̄

= ρ′
∂2Ur

∂t2
(24)(

bn
r

(
(β + 1)c′55 + c′23

)
+ bn(c

′
55 + c′13)

∂

∂r

)
Ur

+

(
β + 1

r
c′55

∂

∂r
+ c′55

∂2

∂r2
+ c′33b

2
n

)
Uz

− λ′
zbn

( r
a

)β
T̄ − w̄′

zbn

( r
a

)β
M̄ = ρ′

∂2uz

∂t2
(25)

Using the DQM, Eqs. (24) and (25) can be written as:(
c′11

N∑
j=1

A
(2)
ij +

(β + 1)c′11
ri

N∑
j=1

A
(1)
ij +

βc′12 − c′22
r2i

− c′55b
2n

)
Urj

−

(
bn
ri

(
(β + 1)c′13 − c′23) + b2n(c

′
13 + c′55)

N∑
j=1

A
(1)
ij

)
Uzj

+
(ri
a

)β1

r
(λ′

θ − (2β + 1)λ′
r)− λ′

r

N∑
j=1

A
(2)
ij

 T̄j

+
(ri
a

)β1

r

(
w̄′

θ − (2β + 1)w̄′
r

)
− w̄′

r

N∑
j=1

A
(1)
ij

 M̄j

= ρ′
∂2Ur

∂t2
(26)(

bn
ri

(
(β + 1)c′55 + c′23

)
+ bn(c

′
55 + c′13)

N∑
j=1

A
(1)
ij

)
Urj

+

(
β + 1

ri
c′55

N∑
j=1

A
(1)
ij + c′55

N∑
j=1

A
(2)
ij − c′33b

2
n

)
Uzj

− λ′
zbn

(ri
a

)β
T̄j − w̄′

zbn

(ri
a

)β
M̄j = ρ′

∂2Uz

∂t2
(27)

Employing the Newmark method, Eqs. (26) and (27)
can be written as:(
c′11

N∑
j=1

A
(2)
ij +

(β + 1)c′11
ri

N∑
j=1

A
(1)
ij +

βc′12 − c′22
r2i

− c′55b
2n− ρ′a0

)
Urj(tk+1)

−

(
bn
ri

(
(β + 1)c′13 − c′23) + b2n(c

′
13

+ c′55)

N∑
j=1

A
(1)
ij

)
Uzj(tk+1)

+
(ri
a

)β1

r
(λ′

θ − (2β + 1)λ′
r)− λ′

r

N∑
j=1

A
(1)
ij

 T̄j(tk+1)

+
(ri
a

)β ( 1

ri

(
w̄′

θ − (2β + 1)w̄′
r

)
− w̄′

r

N∑
i=1

A
(1)
ij

)
M̄j(tk+1)

= −ρ′(a0Ur(tk) + a1U̇r(tk) + a2Ür(tk)) (28)(
bn
ri

(
(β + 1)c′55 + c′23

)
+ bn(c

′
55

+ c′13)

N∑
j=1

A
(1)
ij

)
Urj(tk+1)

+

(
β + 1

ri
c′55

N∑
j=1

A
(1)
ij + c′55

N∑
j=1

A
(2)
ij − c′33b

2
n

− ρ′a0

)
Uzj(tk+1)

M. Saadatfar, Transient Coupled Hygrothermal Stress Analysis of a Finite Length Functionally Graded
Hollow Cylinder: 89–103 94



− λ′
zbn

(ri
a

)β
T̄i(tk+1)− w̄′

zbn

(ri
a

)β
M̄i(tk+1)

= ρ′(a0Uz(tk) + a1U̇z(tk) + a2Üz(tk)) (29)
Similarly, the method can be employed for bound-

ary conditions. Therefore, the inner and outer bound-
ary conditions can be written as:c′11

N∑
j=1

A
(1)
1j +

c′12
a

UrN − c′13bnUz1 − λ′
rT̄1

− w̄′
rM̄1 = −Pa, (30)

c′55

bnUr1 +
N∑
j=1

A
(1)
1j Uzj

 = 0 (31)

c′11

N∑
j=1

A
(1)
1j +

c′12
a

Urj − c′13bnUzN − λ′
rT̄N

− w̄′
rM̄N + kLUrN + Cda4a0UN (tk+1)

= −Cd(U̇N (tk) + a3ÜN (tk)− a4a0UN (tk)

− a4a1U̇N (tk)− a4a2ÜN (tk)) (32)

c′55

bnUrN +
N∑
j=1

A
(1)
NjUzj

 = 0, (33)

Domain (d) and boundary (b) degrees of freedom must
be separated. Hence, equations together with bound-
ary conditions can be considered in the matrix form
as: [

[Qbb] [Qbd]
[Qdb] [Qdd]

]{ {
Ub

}{
Ud

} } =

{ {
Fb

}{
Fd

} } (34)

where: {
Ub

}
=
{{

Urb

}
,
{
Uzb

}}T
{
Ud

}
=
{{

Urd

}
,
{
Uzd

}}T (35)

The matrix Eq. (34) can be reduced to the following
system of algebraic equations by omitting the Ub:

[Q]
{
Ud

}
=
{
F
}

[Q] = [Qdd]− [Qdb][Qbb]
−1[Qbd]{

F
}
=
{
F
}
d
− [Qdb][Qbb]

−1
{
Fb

} (36)

Employing direct or iterative methods, the solution
of Eq. (36) can be found. In this problem, employing
iterative methods such as the Gauss–Seidel method is
recommended.

4. Numerical Results and Discussion

To disclose the effects of different parameters on the
transient behavior of the FGM hollow cylinder, some

numerical examples are presented in this section. Ma-
terial constants to be used for the FGM cylinder are
in Table 1 [6, 33, 35]. The length and inside and out-
side radius of the hollow cylinder were considered as
L = 1m, a = 0.2m, and b = 0.25m. Some non-
dimensional parameters are defined in the results as:

R =
r − a

b− a
, u∗ =

u

a
, σ∗

i =
σi

Pa
, (i = r, θ),

T ∗ =
T

Ta
, M∗ =

M

Ma

(37)

The following relations were used for the FGM cylinder
in the numerical examples:

c11 = c22 = c33 =
E(1− ν)

(1 + ν)(1− 2ν)
,

c12 = c13 = c23 =
E

(1 + ν)(1− 2ν)
,

c55 =
E

2(1 + ν)

(38)

4.1. Validation of the Results

As mentioned in the literature review, there is no
published research for transient coupled hygrothermal
analysis of FGM cylinders. Therefore, the results were
compared with the reported results for the FGM cylin-
der subjected to transient thermal loading. The tem-
perature distribution through time was compared with
Ref. [39]. Parameters are: ra = 0.5m, rb = 1m,
L = 1.5m, Ta = 100(1 − e−2t), Tb = 0. The mate-
rial coefficients are in the cited reference. In another
case, the shear stress distribution was compared with
the reported one in Ref. [40]. In this case we have:
ra = 1m, rb = 1.5m, L = 1m, Ta = 100(1 − e−2t),
Tb = 0. The used material constants can be found in
the cited reference. The results are depicted in Fig.
1. As illustrated, the graphs show good agreement be-
tween the results.

Table 1
Material constants [6, 33, 35]

E (GPa) 66.2
ξd 0.3
v 0.3
ξ (m3/kg) 1.1× 10−4

α (1/K) 10.3× 10−6

ρ(kg/m3) 5300
hLV (kJ/kg) 2500
ζi (kg/ms◦M) 1.73× 10−8

ε (◦M/K) 2
cm(J/kg◦M) 0.01
γ 0
k(W/mk) 18.1
cp(J/kgK) 700
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Fig. 1. Distribution of a) Temperature along time, and b) Shear stress along the radius.

4.2. Transient Coupled Hygrothermal Loading

In this part, the distribution of temperature, moisture,
displacements, and stresses under transient hygrother-
mal loading are studied. In this case there is: Ta = 350,
Tb = 0, Ma = 0.015, Mb = 0.01. Fig. 2a depicts the
temperature through the thickness. It shows that there
is little difference between the coupled hygrothermal
with the uncoupled model in temperature distribution.
Fig. 2b shows the temperature distribution with time.
Fig. 2b demonstrates that the FGM cylinder touches
the temperature equilibrium former by employing the
uncoupled model, and the temperature rises by serv-
ing the time before balance. Employing the coupled
equations, the time to touch the balance is longer and
the temperature first rises and then decreases before
the balance. Before the balance state, the temperature
with the coupled equations is higher than that by the
uncoupled equations. Fig. 2c depicts the moisture dis-

tribution through the thickness. It is observed that the
difference between the coupled and uncoupled models
is more obvious in moisture rather than temperature.
The above-mentioned behaviors have a good agreement
with the reported behaviors in the rotating disc under
coupled hygrothermal loading [34]. Dai et al. [34] re-
ported that the FGPM disc touches the temperature
equilibrium former by employing the uncoupled model,
and the temperature rises by serving the time before
balance.

Regarding the difference between the results under
coupled and uncoupled model, for analyzing the dy-
namic conduction process it is vital to employ the cou-
pled model. However, after the balance state, using the
coupled model or uncoupled model has little effect. To
have a better understanding of changes through time,
Fig. 3 shows the distribution of temperature, radial
displacement, hoop stress, and shear stress along the
radius and time (coupled model).

Fig. 2. Distribution of a) Temperature along the radius, b) Temperature along time, and c) Moisture along
the radius, β = 0.5.
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Fig. 3. Distribution of a) Temperature , b) Radial displacement, c) Hoop stress, and d) Shear stress for β = 0.5.

The distributions of stresses and displacements con-
sidering coupled and uncoupled models are depicted in
Fig. 4. and Fig. 5. In this case there is: w = 0,
kL = 0, Cd = 0, Pa = 0, Ta = 50, Tb = 0, Ma = 0.015,
Mb = 0.01. As shown in Fig. 4, the difference between
the coupled and uncoupled models is not significant
on the distribution of stresses and displacements. The
maximum hoop stress increases by serving the time
up to steady-state condition. By serving the time, ra-
dial displacement experiences an increase up to reach-
ing steady-state conditions. Besides, the behavior of
longitudinal displacement is the same. Fig. 5 demon-
strates the distribution of stresses and displacement
through the time for the point located at the middle
of thickness. As shown, the shear stress, radial dis-
placement, and absolute value of radial stress increase
to reach steady-state condition. The hoop stress ex-
periences an increase and then a decrease to reach the
steady-state status. According to graphs, due to em-
ploying the boundary condition, the shear stress and
radial stress reach balance condition earlier than hoop

stress and radial displacement. The observed trend for
the effect of steady-state hygrothermal loading was also
reported in the literature for smart finite-length cylin-
ders [26]. The grading index is the next parameter that
its influence was investigated. The effect of the grading
index is demonstrated in Figs. 6 and 7. The bound-
ary conditions are as previous. According to Fig. 6,
the negative grading index increases the temperature
and moisture at the same point, while the effect of a
positive grading index is vice versa. This trend is in
agreement with the reported one by Bakhshizade et al.
[41]. Furthermore, the negative grading index increases
the balance temperature and the positive grading in-
dex reduces the balance temperature. Concerning Fig.
7, using a positive grading index increases the maxi-
mum of hoop stress; meanwhile, the effect of a negative
grading index is converse. Moreover, using a positive
grading index increases the shear stress. Reversely, a
negative grading index causes a reduction in the shear
stress. The effect of the grading index on the distribu-
tion of radial displacement is in contrast with its
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effect on the shear stress. This reduction of radial
displacement by using a positive grading index rather
than a negative grading index is in agreement with the
reported trend for FGPM cylinders [42]. The graphs

show that the difference between the coupled model
and the uncoupled model is more considerable by us-
ing the negative grading index.

Fig. 4. Distribution of a) Hoop, b) Shear stresses, c) Radial and d) Longitudinal displacements, β = 0.5.

Fig. 5. Distribution of a) Hoop, b) Shear stresses, c) Radial stress along the time, β = 0.5.

Fig. 6. Effect of inhomogeneity index on the distribution of a) Temperature along radius (t = 15s), b)
Temperature along time, and c) Moisture along radius (t = 225min).
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Fig. 7. Effect of inhomogeneity index on the distribution of a) Hoop stress, b) Shear stress, and c) Radial
displacement, t = 200s.

The effect of coupled hygrothermal loading was in-
vestigated for the next case. For this case, it was as-
sumed that Ma = Ta/10000. According to Fig. 8,
a rise in hygrothermal loading results in a rise in ra-
dial displacement, the maximum value of shear stress,
and maximum tensile hoop stress at the outer radius.
According to the hoop stress distribution, higher hy-
grothermal loading results in higher tensile stress at the
outer radius and higher compressive stress at the inner
radius. A similar trend was reported for functionally
graded piezomagnetic cylinders under the steady-state
hygrothermal loads by Gharibavi and Yi [43]. The
high tensile circumferential stress at the exterior ra-
dius should be avoided because it can result in grow-
ing cracks. In addition, graphs show a point near the
middle of thickness in which the circumferential stress
is independent of hygrothermal loading.

4.3. Dynamic Mechanical Loading

In this part, the behavior of the FGM cylinder is con-
sidered under dynamic internal pressure and the hy-
grothermal loading is omitted in this case. Hence, there
is: kL = 0, Cd = 0, Pa = 10 sin(wt)MPa, Ta = Tb = 0,
Ma = Mb = 0. To evaluate the influence of frequency
of the harmonic excitation on the resulting dynamic re-
sponses, variation of the radial displacement of the cen-
ter point of the cylinder with time is shown in Fig. 9.
Fig. 9a shows the case that the excitation frequency is
equal to the natural frequency. As expected, the oscil-
lation becomes unbounded. In other cases, the effects
of the higher natural modes are detectable. Then, to
evaluate the transient behavior of the FGM cylinder,
the internal pressure function is considered as:

Pa =

{
10 sin(wt)MPa t < 50∆t

0 t > 50∆t
(39)

Fig. 8. Effect of coupled hygrothermal loading on the distribution of a) Hoop stress, b) Shear stress, and c)
Radial displacement, β = 0.5, t = 200s.
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Fig. 9. Effect of excitation frequency on the radial displacement a) w1 = 21375, b) w = 0.25w1, and c)
w = 0.125w1.

For the first case, the effect of the grading index is
investigated on the transient radial displacement. In
this case, there is: kL = 1 × 1010, Cd = 5 × 105 and
other parameters are as before. As shown in Fig. 10,
the negative grading index first increases the oscillation
range and then it results in more effect of damping.
Conversely, using positive grading index yields first a
reduction in oscillation range and then a reduction in
the effect of damping.

Fig. 10. Effect of grading index on the transient radial
displacement.

The steady-state hygrothermal loading is the next
parameter that was investigated. The used parame-
ters are as previous. According to Fig. 11, a higher
hygrothermal boundary condition shifts the graphs up
and increases the oscillation range.

The effect of the damping constant was investigated
for the last case. The hygrothermal loading is omitted
and other parameters are as before. Fig. 12 shows the
radial displacement variations. As expected, a higher
damping constant of foundation results in more reduc-
tion in oscillation range by serving the time and. A
similar trend for the effect of the damping constant on

the reduction of oscillation range was reported in the
literature [44]. Also, Zenkour and Arefi reported a sim-
ilar influence for the damping constant in functionally
graded plates [45].

Fig. 11. Effect of steady-state hygrothermal loading
on the transient radial displacement, β = 0.5.

Fig. 12. Effect of damping parameter on the transient
radial displacement.
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5. Conclusions

The transient coupled hygrothermal loading was con-
sidered for a finite-length FGM cylinder. The material
constant of the cylinder was considered as a power-law
function. The coupled equations of heat and moisture
transfer together with equations were solved employing
Fourier series expansion in the longitudinal direction,
DQM through the thickness, and the Newmark method
in the time domain. The following conclusion can be
expressed from the analysis:

1. The results show that the FGM cylinder touches
the temperature balance before using the uncou-
pled model rather than the coupled model. Be-
fore reaching the balance, the temperature under
the uncoupled model is lower than that of the
coupled model. The difference between the cou-
pled model with the uncoupled model is more
obvious in moisture rather than temperature.

2. By serving the time, the radial displacement, and
maximum hoop stress increase and longitudinal
displacement decreases to reach steady-state con-
dition.

3. The negative grading index increases the temper-
ature, moisture, shear stress, and the maximum
hoop stress; meanwhile, the influence of the neg-
ative grading index is vice versa.

4. The negative grading index first increases the os-
cillation range and then it results in more effect of
damping; meanwhile, the positive grading index
has an opposite effect.
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