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Abstract

The mechanical behavior of a fluid-saturated Functionally Graded Porous
Piezoelectric Material (FGPPM) rotating disc with variable angular velocity
and thickness placed in a constant magnetic field was investigated. Due to vari-
able angular velocity, the disc was subjected to Lorentz force in two directions:
radial and circumferential. It was assumed the disc is power-law functionally
graded in the radial direction. The disc is uniformly porous and its thickness
varies as a function of radius. First, three coupled governing partial differential
equations were converted to ordinary differential equations using the separation
of variable technique. Then, equations were solved using Runge-Kutta and
shooting methods for the case of fixed-free boundary condition. The effect
of variable angular velocity, thickness profile, inhomogeneity index, porosity
and magnetic field was investigated. The results demonstrate that considering
angular acceleration for the disc has a considerable effect on the Lorentz force
resulted by the magnetic field. Besides, the angular velocity constant has
a significant effect on the stresses and displacements in the presence of the
magnetic field.

Nomenclature
English parameters
cij Elastic constants d11 Electromagnetic constant
Di Components of electric displacement e Volumetric strain
eij Piezoelectric constants E⃗ Induced electric field
Ei Components of electric field fi Components of body forces
h⃗ Induced magnetic field h0 Outer thickness
hi Inner thickness H⃗ Magnetic field vector
J⃗ Electric current density vector K Drained bulk modulus
Ku Undrained bulk modulus Kf Bulk modulus of the fluid
p Pore fluid pressure ri Inner radius
ro Outer radius S Thickness index
ui Displacement components
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Greek parameters
ω0 Initial angular velocity α Biot’s coefficient of effective stress
β Inhomogeneity index ∆r Step size in Runge-Kutta method
εe Electric permeability εi Components of strain
ϵi Dielectric constants λ Angular velocity constant
µ Magnetic permeability M Biot’s modulus
ξ Variation of the fluid content ρ Density
σi Components of stress τij Components of shear
φ Porosity ϕ Electric potential
Φi(Φo) Electric potential at the inner (outer) radius ω Angular velocity function
ω̇ Angular acceleration

1. Introduction

Nowadays, smart structures have attracted much focus
in the area of research and industrial usage [1-3]. Func-
tionally graded smart materials such as Functionally
Graded Piezoelectric Material (FGPM) and Function-
ally Graded Magneto-Electro-Elastic (FGMEE), which
are used as sensors or actuators, have several appli-
cations in engineering areas [4]. Due to having func-
tionally graded properties, this sensors and actuators
exhibit better performance than homogeneous ones [5,
6]. Furthermore, rotating discs are increasingly used
in many mechanical structures such as compressors,
turbo generators, flywheels, gas turbine rotors, auto-
motive braking systems, ship propellers and computer
disc drives [7-10]. Therefore, the prediction of the be-
havior of discs made of smart materials under various
loads and environmental conditions is an interesting
study field for engineering researchers. Accordingly,
some researchers tried to analyze the different behav-
ior of FGPM rotating discs. Dai et al. [11] investigated
the elastic behavior of a rotating FGPM disc under hy-
grothermal loads. Loghman et al. [12] studied FGPM
rotating disc and considered creep behavior. Ghor-
banpour et al. [13] investigated the effects of thermal
and magnetic loads on the behavior of FGPM rotat-
ing discs. Saadatfar [14] analyzed the time-dependent
creep response of Magneto-Electro-Elastic (MEE) ro-
tating disc in thermal and humid environmental con-
dition.

Since there are many applications for rotating discs
with variable thickness in industrial usage, many ar-
ticles were presented to study different behaviors of
them. Bayat et al. [15] researched into variable thick-
ness FGM rotating discs under different boundary con-
ditions. Bayat et al. [16, 17] studied thermal stresses
in rotating FGM with variable thickness. Zenkour and
Mashat [18] solved the problem of variable thickness ro-
tating discs analytically and numerically. Zafarmand
and Hassani [19] studied two-dimensional FGM discs
with variable thickness. Thawait et al. [20] worked on
concave thickness FGM rotating disc. Semi-analytical
solution for stress distribution in exponentially graded
rotating discs with arbitrary thickness variations was

presented by Allam et al. [21]. Vullo and Vivio [22]
presented an analytical method for analysis of thermal
stresses and displacements in variable thickness rotat-
ing discs having density variation radially. Deepak et
al. [23] investigated creep behavior in FGM rotating
disc with variable thickness.

Despite applications in different industries, piezo-
electric materials have weaknesses, including fragility.
Porous piezoelectric ceramics exhibit more softness and
low density. Porous piezoelectric materials have var-
ious usages such as medical ultrasonic devices, un-
der water acoustics, low frequency hydrophones, ac-
celerometers, vibratory sensors, contact microphones,
etc. [24, 25]. Li et al. [26] studied about the fabrication
of porous piezoelectrics and porosity-graded piezoelec-
tric actuators. Bowen et al. [27] studied about the
fabrication and properties of porous piezoelectric ma-
terials with high hydrostatic property. Zielinski [28]
discussed the fundamentals of multiphysics modeling
of piezoporoelastic structures. Jabbari et al. [29, 30]
studied the axisymmetric and non-axisymmetric me-
chanical and thermal stresses in FGPPM hollow cylin-
ders. Meshkini et al. [31] presented a 2D stress analy-
sis in 2D-FGPPM hollow cylinder in thermal environ-
ment.

Although the angular velocity of the rotating disc is
usually constant during work, it may vary during the
time. The disc may have an altering angular speed
through the start and/or stop process. Clearly, it
has an influence on the deformations and mechanical
stresses in a rotating disc. Thus, investigation of rotat-
ing discs with variable angular velocity is vital. In all of
the previously mentioned articles about rotating disc,
the angular speed is assumed to be constant. Rotating
discs with variable angular velocity were rarely studied
in the literature just about FGM discs (not smart discs)
and also without considering the magnetic field. Dai
and Dai [32] used variable separation method to solve
the governing differential equation of a uniform thick-
ness FGM disc with variable angular speed. Moreover,
they [33] investigated thermal stress in FGM discs with
variable angular velocity. Zheng et al. [34] studied the
effect of multiple thickness profile on displacement and
stress distributions of FGM discs with variable angular
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speed. Recently, Salehian et al. [35] presented a proce-
dure for calculation of the shear stress and tangential
displacement in variable thickness rotating discs with
varying angular velocity.

It is well-known that by using the power-law varia-
tion form, more general variation forms can be achieved
rather than the exponential form for gradient of ma-
terial properties of FGMs [36]. Besides, more desir-
able behavior was reported for FGMs with power-law
form [37]. Particularly, to achieve the desired behav-
ior, the effect of gradient index on the behavior of FGM
cylindrical shell is more significant for power-law form
[38]. So, the power-law variation form is more general
and more applicable than exponential form for mate-
rial properties of FGMs. However, to the best of the
authors’ knowledge, the analysis of variable angular
velocity discs made of power-law functionally graded
porous piezoelectric material under two dimensional
Lorentz forces (the second term of Lorentz force exists
because of variable angular velocity) has not yet been
investigated. In the present study, for the first time,
the numerical solution is presented for analysis of an
orthotropic rotating FGPPM disc that is porous, has
variable thickness and angular velocity and is subjected
to Lorentz force. The obtained equations are solved nu-
merically using Runge-Kutta and shooting methods.

2. Basic Formulation of the Problem

The problem is a fluid-saturated FGPPM disc polar-
ized in the radius direction which rotates about z axis
with variable angular speed. The cylindrical coordi-
nate system (r, θ, z) with origin identical to the center
of the disc is associated with the disc. As shown in Fig.
1, the inner and outer radii of the disc are ri and ro,
respectively. The disc is placed in a constant magnetic
field in the thickness direction. The profile of thickness
is assumed as a power-law function of radius as:

h(r) = hi + (ho − hi)

(
r − ri
ro − ri

)s

(1)

Constitutive equations of an FGPPM disc in cylindri-
cal coordinate system is [39]:

σr = c11εr + c12εθ + c13εz − e11Er − αp (2)
σθ = c12εr + c22εθ + c23εz − e12Er − αp (3)
σz = c13εr + c23εθ + c33εz − e13Er − αp (4)
τrθ = c66γrθ − e26Eθ (5)
Dr = e11εr + e12εθ + e13εz + ϵ1Er (6)

We know that [40]:

Er = −∂ϕ

∂r
(7)

Eθ = −1

r

∂ϕ

∂θ
(8)

Fig. 1. FGPPM rotating disc in constant magnetic
field.

Pore fluid pressure can be expressed as [41]:

p = (ξ − αe)M (9)

where [41]:

M =
Ku −K

α2

Ku = K

(
1 +

α2Kf

(1− α)(α− φ)Kf + φKf

)
e = εr + εθ + εz

(10)

A key feature of the response of fluid-infiltrated
porous material is the difference between undrained
and drained deformation. These two modes of re-
sponse represent limiting behaviors of the material: the
undrained response characterizes the condition where
the fluid is trapped in the porous solid such that ζ = 0,
while the drained response corresponds to zero pore
pressure p = 0. For the undrained fluid condition
where the fluid is trapped in the porous solid (ξ = 0),
Eq. (9) becomes:

p = −αeM = αM(εr + εθ + εz) (11)

Substituting Eq. (11) into Eqs. (2), (3) and (4) leads
to:

σr = c̄11εr + c̄12εθ + c̄13εz − e11Er

σθ = c̄12εr + c̄22εθ + c̄23εz − e12Er

σz = c̄13εr + c̄23εθ + c̄33εz − e13Er

(12)

where

c̄ij = cij + α2M (13)

A power-low function is taken for material properties
variation as:

c̄ij = c̄ij0r
β , eij = eij0r

β , εe = εe0r
β ,

µ = µ0r
β , ρ = ρ0r

β , ϵ1 = ϵ10r
β

(14)

where zero subscript denotes corresponding material
constants and β is the inhomogeneity index. Strains in
terms of displacements can be written as [37]:

εr =
∂ur

∂r

εθ =
ur

r
+

1

r

∂uθ

∂θ

γrθ =
1

r

∂ur

∂θ
+

∂uθ

∂r
− uθ

r

(15)
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Because of symmetry of the problem relative to θ,
none of variables depend on θ and all derivatives rel-
ative to θ is zero. So that, Eq. (8) becomes zero and
Eq. (15) is simplified as:

εr =
∂ur

∂r

εθ =
ur

r

γrθ =
∂uθ

∂r
− uθ

r

(16)

Regarding plane stress condition (σz = 0), εz is cal-
culated from Eq. (4). Then, by substituting Eqs. (16)
and (11) into Eqs. (2) and (3), we have:

σr = c1
∂ur

∂r
+ c2

ur

r
+ e1

∂ϕ

∂r
(17)

σθ = c2
∂ur

∂r
+ c3

ur

r
+ e2

∂ϕ

∂r
(18)

τrθ = c66

(
∂uθ

∂r
− uθ

r

)
(19)

Dr = e1
∂ur

∂r
+ e2

ur

r
− e3

∂ϕ

∂r
(20)

where ci and ei (i = 1, 2, 3) can be found in the ap-
pendix. A constant magnetic field is assumed. So, the
perturbation of the magnetic field vector h⃗ is calculated
as [42]:

h⃗ = ∇× (u⃗× H⃗) (21)

where, u⃗ = (ur, uθ, uz) and H⃗ = (0, 0,Hz). The in-
duced electric field E⃗ is calculated as [43]:

E⃗ = −µ( ˙⃗u× H⃗) = −µ(u̇r, u̇θ, u̇z)× (0, 0,Hz)

= −µHz(u̇θ,−u̇r, 0)
(22)

The electric current density vector J⃗ becomes [43]:

J⃗ = ∇× h⃗− εe
dE⃗

dt
=

(
0,−∂hz

∂r
, 0

)
+ εeµHz(üθ,−ür, 0)

(23)

The Lorentz body force can be calculated as [44,
45]:

f⃗ = µ(J⃗ × H⃗)

[
µ

(
0,−∂hz

∂r
, 0

)

+ εeµHz(üθ,−ür, 0)

]
× (0, 0,Hz)

= µ

[(
−∂hz

∂r
Hz, 0, 0

)
+ εeµH

2
z (−ür,−üθ, 0)

]
(24)

Also:

∂hz

∂r
= − ∂

∂r

(
1

r

∂(rur)

∂r

)
= − ∂

∂r

(
∂ur

∂r
+

ur

r

)
= −

(
∂2ur

∂r2
+

1

r

∂ur

∂r
− ur

r2

) (25)

Substituting the term ∂hz

∂r
, we have:

fr = µHz

(
∂2ur

∂r2
+

1

r

∂ur

∂r
− ur

r2

)
− εeµ

2H2
z ür (26)

fθ = −εeµ
2H2

z üθ (27)

Despite the cases that previously considered in the
literature in which the Lorentz force has one compo-
nent in the radial direction because of constant angu-
lar speed, the Lorentz force has two components in the
radial as well as circumferential direction. The circum-
ferential component is created because the disc rotates
with angular acceleration. Equations of motion can be
expressed as [34, 44]:

∂(hσr)

∂r
+ h

σr − σθ

r
+ hρrω2 + hfr = 0 (28)

∂(hτrθ)

∂r
+

2hτrθ
r

− hρrω̇ + hfθ = 0 (29)

Now, Eqs. (17) , (18) and (26) are substituted into
Eq. (28), and Eqs. (19) and (27) are substituted into
Eq. (29). So, we have:

(hc1 + hµHz)
∂2ur

∂r2
+

(
c1

∂h

∂r
+ h

∂c1
∂r

+
hc1
r

+
hµHz

r

)
∂ur

∂r
+

(
c2
r

∂h

∂r
+

h

r

∂c2
∂r

− hc3
r2

− hµHz

r2

)
ur

+ (he1)
∂2ϕ

∂r2
+

(
e1

∂h

∂r
+ h

∂e1
∂r

+
he1
r

− he2
r

)
∂ϕ

∂r
+ hρrω2 − hεeµ

2H2
z ür = 0 (30)

(hc66)
∂2uθ

∂r2
+

(
c66

∂h

∂r
+ h

∂c66
∂r

+
hc66
r

)
∂uθ

∂r
+

(
−c66

r

∂h

∂r
− h

r

∂c66
∂r

− hc66
r2

)
uθ

− hρrω̇ − hεeµ
2H2

z üθ = 0 (31)
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Electrostatic equation of axially symmetric disc is as:

∂

∂r
(rhDr) = 0 (32)

Using Eq. (6), Eq. (32) can be rewritten as:

(he1)
∂2ur

∂r2
+

(
e1

(
∂h

∂r
+

h

r

)
+ h

∂e1
∂r

+
he2
r

)
∂ur

∂r

+

(
e2
r

(
∂h

∂r
+

h

r

)
+

h

r

∂e2
∂r

− he2
r2

)
ur + (he3)

∂2ϕ

∂r2

+

(
−e3

(
∂h

∂r
+

h

r

)
− h

∂e3
∂r

)
∂ϕ

∂r
= 0 (33)

The angular velocity of the disc is taken as an ex-
ponential function of time as:

ω(t) = ω0e
−λt (34)

where ω0 and λ are both constant. Then, Eqs. (30),
(31) and (33) become:

A0
∂2ur

∂r2
+A1

∂ur

∂r
+A2ur +A3

∂2ϕ

∂r2
+A4

∂ϕ

∂r

− hεeµ
2H2

z ür + hρrω0e
−2λt = 0 (35)

B0
∂2uθ

∂r2
+B1

∂uθ

∂r
+B2uθ − hεeµ

2H2
z üθ

+ hρrω0λe
−λt = 0 (36)

C0
∂2ur

∂r2
+ C1

∂ur

∂r
+ C2ur + C3

∂2ϕ

∂r2
+ C4

∂ϕ

∂r
= 0 (37)

where Ai, Bi, and Ci are given in the appendix.

3. The Solution of Derived Equations

Using the method of separation of variables, ur, uθ and
ϕ can be written as [32, 34]:

ur = ur(r, t) = Ur(r)e
−2λt

uθ = uθ(r, t) = Uθ(r)e
−λt

ϕ = ϕ(r, t) = Φ(r)e−2λt

(38)

First, Eq. (38) is substituted into (30), (31) and (33),
then time terms are eliminated. So, the following equa-
tions are obtained:

A0U
′′
r +A1U

′
r + (A2 − 4hεeµ

2H2
zλ

2)Ur +A3Φ
′′

+A4Φ
′ + hρrω2

0 = 0 (39)

B0U
′′
θ +B1U

′
θ + (B2 − hεeµ

2H2
zλ

2)Uθ

+ hρrλω0 = 0 (40)

C0U
′′
r + C1U

′
r + C2Ur + C3Φ

′′ + C4Φ
′ = 0 (41)

where ( )′ and ( )′′ indicate d

dr
and d2

dr2
, respectively.

The disc is assumed to be in the fixed-free mechanical
boundary condition. So:

ur

∣∣∣
r=ri

= 0

uθ

∣∣∣
r=ri

= 0

(42)

σr

∣∣∣
r=ro

= 0

τrθ

∣∣∣
r=ro

= 0

(43)

Eqs. (38) are substituted into Eq. (42), then by the
elimination of time terms it becomes:

Ur(ri) = 0

Uθ(ri) = 0
(44)

Eqs. (17) and (19) are substituted into Eq. (43). Then
time terms are eliminated and we have:

c1(ro)U
′
r(ro) + c1(ro)

Ur(ro)

ro
= e1(ro)φ

′(ro)

U ′
θ(ro) =

Uθ(ro)

ro

(45)

For electric boundary conditions, the electric potential
at inner and outer radii at time zero is assumed as:

Φ(ri) = Φi

Φ(ro) = Φo

(46)

Eqs. (39), (40) and (41) are three coupled second-
order ordinary differential equations (with variable co-
efficient) which can be solved by Runge-Kutta method.
The boundary conditions of these equations are given
in Eqs. (44), (45) and (46). By the combination of
Eqs. (39) and (41), U ′′

r and ϕ′′ are calculated as:

Φ′′ = f1U
′
r + f2Ur + f3Φ

′ + f4

U ′′
r = g1U

′
r + g2Ur + g3Φ

′ + g4

(47)

where fi and gi are available in the appendix. Besides,
U ′′
θ is obtained from Eq. (40) as follows:

U ′′
θ = h1U

′
θ + h2Uθ + h3 (48)

where hi are available in the appendix. Then, Eqs.
(47) and (48) should be converted to a new form in
order to use Runge-Kutta method. So, we have:

q′2 = U ′′
r = g1q2 + g2q1 + g3q4 + g4

q′4 = Φ′′ = f1q2 + f2q1 + f3q4 + f4

q′6 = U ′′
θ = h1q6 + h2q5 + h3

(49)
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where:
q1 = Ur

q2 = U ′
r

q3 = Φ

q4 = Φ′

q5 = Uθ

q6 = U ′
θ

(50)

where:

[F⃗ ] =



q2

g1q2 + g2q1 + g3q4 + g4

q4

f1q2 + f2q1 + f3q4 + f4

q6

h1q6 + h2q5 + h3


(51)

The resulted equations can be solved using the fourth-
order Runge-Kutta method which is expressed as:

q⃗(r +∆r) = q⃗(r) +
1

6
(K⃗1 + 2K⃗2 + 2K⃗3 + K⃗4) (52)

where K⃗1, K⃗2, K⃗3 and K⃗4 are expressed as:

K⃗1 = ∆rF⃗ (r, q⃗)

K⃗2 = ∆rF⃗

(
r +

∆r

2
, q⃗ +

K⃗1

2

)

K⃗3 = ∆rF⃗

(
r +

∆r

2
, q⃗ +

K⃗2

2

)

K⃗4 = ∆rF⃗ (r +∆r, q⃗ + K⃗3)

(53)

where ∆r is step size and q⃗ is a vector which contains
qi. Employing boundary Eqs. (44) and (46) in Eq.
(49), at the inner radii we have:

q1 = 0, q3 = Φi, q5 = 0 (54)

Also, q2, q4, q6 at inner radii are unknown. Employing
boundary Eqs. (45) and (46) in Eq. (49), at outer radii
we have:

c1(ro)q2 + c2(ro)
q1
ro

− e1(ro)q4 = 0

q6 −
q5
ro

= 0,

q3 − Φo = 0

(55)

Since Runge-Kutta method is an initial value
method, all of q1, q2, · · · , q6 should be known at inner
radius. But in this case q2, q4, q6 are unknown. So, by
using the shooting method, these unknown values are
guessed. Then, equations are solved by Runge-Kutta
method, and calculated qi at outer boundary condi-
tion is substituted in the outer boundary Eq. (55). If
outer boundary conditions are satisfied, the problem is
solved. Otherwise, new guess should be made in order
to satisfying outer boundary conditions. It should be
mentioned that the error of method depends on the
ODE solver method, which in this case is 4th-order
Runge-Kutta. In this method, the total accumulated
error is on the order of o(∆r4) [46]. For numerical cal-
culation of this article ∆r is selected to be 0.01(ro−ri).

4. Numerical Results and Discussion

In this section numerical results are depicted for study-
ing the influence of effective parameters on the me-
chanical behavior of the disc. The following non-
dimensional parameters are used as:

R =
r − ri
ro − ri

, u∗ =
u

ri
, σ∗ =

σ

c110
, ϕ∗ =

√
ϵ10
c110

ϕ

ro

4.1. Validation

Since there is not any reported research about smart
disc with variable angular velocity, to validate the nu-
merical process, the result for an isotropic FGM disc
with variable thickness and angular velocity is com-
pared with reported work by Zheng et al. [34]. The
material properties are taken as a power-law function;
however the thickness profile is considered as an expo-
nential function. Details and material properties can
be found in Zheng et al. [34]. Furthermore, the radial
displacement and radial stress is compared with rotat-
ing FGPM disc reported by Ghorbanpour Arani et al.
[46]. In this case: Ω = 1, µ = 1.3, N = 1 and other
details and material properties can be found in Ghor-
banpour Arani et al. [47]. As shown in Fig. 2, results
show good agreement.

4.2. Investigation of Effective Parameters

In this part, the inner and outer radii of the disc are
considered as ri = 0.05m and ro = 0.25m, and inner
and outer thickness are taken hi = 0.05m and ho =
0.15m, respectively. Moreover, the electric boundary
conditions are assumed as: Φi = 0 and Φo = 500V. In
all numerical simulations, unless otherwise stated, it is
considered that: s = 2, ω0 = 50π, λ = 0.5, β = 1.5,
φ = 0.02 and H∗ = 1 (Hz = H∗ × 102A/m) [48, 49].
The used material constants are listed in Table 1 [41].
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Fig. 2. Validation of results with a) An FGM variable thickness and angular velocity rotating disc, and b) A
piezoelectric rotating disc.

Table 1
Material constants.
c110(MPa) 115
c120 74
c130 74
c220 139
c230 78
c330 139
c660 25.6
e110(C/m2) 15.1
e120 −5.2
e130 −5.2
g110(C2/Nm2) 5.6× 10−9

ρ0(kg/m3) 7500
K 35× 109

Kf 3300
α 0.27
ε0 4π × 10−5

µ0 8.85× 10−6

Case 1:
In this case the influence of grading index on the
stresses, displacement and electromagnetic potential of
the disc is investigated. Figs. 3a, 3b and 3c illustrate
that using functionally graded piezoelectric (FGPM)
yields in reducing the stresses. Additionally, by in-
creasing the grading index, stresses decrease at a de-
creasing rate. Figs. 3d and 3e show that employ-
ing FGPM results in an increase in radial and cir-
cumferential displacements. Radial and circumferen-
tial displacements rise by an increase in inhomogene-
ity index. So, in practical usages of piezoelectric disc,
larger displacements together with smaller stresses can
be achieved by using functionally graded piezoelectric.
Fig. 3f indicates that increasing in � yields in an in-
crease in the maximum electric potential. Besides, as
seen in Figs. 3a, 3c-3f, the electro-mechanical bound-
ary conditions are satisfied completely. It should be

noted that the equations are nonlinear functions of the
inhomogeneity index. Therefore, the response of the
FGPPM disc shows no regular variation by altering
the inhomogeneity index

Case 2:
The effect of porosity on the behavior of the disc is
investigated in this case. More investigations show
that the effect of porosity on the shear stress as well as
displacements is not considerable. So, for the sake of
brevity, the radial stress and hoop stress are demon-
strated in Fig. 4. According to Fig. 4, both radial and
hoop stress increase by rise in the porosity.

Case 3:
In this case, the effect of magnetic field on the response
of the disc is analyzed. Figs. 5a and 5b show that an
increase in the magnetic field can reduce the radial and
hoop stresses. Fig. 5c depicts that shear stress is de-
creased as a result of an increase in magnetic field and
this reduction is more significant at the inner radius.
As demonstrated in Figs. 5d and 5e, an increase in
the magnetic field causes reduction in the both radial
and circumferential displacement. Fig. 5f indicates
that maximum electric potential decreases by increase
in the magnetic field. It can be concluded that with ap-
plying magnetic field, more stresses caused by environ-
mental effects can be applied. It is worth mentioning
that, as before mentioned in the literature review, an-
gular velocity is assumed to be constant in most of the
reported works about the piezoelectric rotating disc.
Considering this assumption results in omitting the ür

and üθ. Hence, the circumferential Lorentz force and
the second term of radial Lorentz force in Eq. (27)
are omitted and applying magnetic field has no effect
on the shear stress. Conversely, in this research, the
shear stress is affected by the magnetic field as a result
of considering the angular acceleration.

Journal of Stress Analysis/ Vol. 5, No. 1, Spring − Summer 2020 37



Fig. 3. Effect of grading index on the a) Radial stress, b) Hoop stress, c) Shear stress, d) Radial displacement,
e) Circumferential displacement, and f) Electric potential distributions.

The following explanation may help for better clear-
ance about the effect of magnetic field behavior of the
disc. First of all, it should be noticed that there are in-
teractions between magnetic, electric and elastic fields
in the disc. So, the behavior of the disc is compli-
cated and the effect of all parameters must be consid-
ered simultaneously. As known, the Lorentz force is
created as a result of a movement of a particle in a
magnetic field. By existence of a magnetic field, exist-
ing ur, ür and üθ result in creating Lorentz forces in
the both radial and circumferential directions. Then,
these forces affect the stresses and displacements. It
should be noted that all of the parameters that affect
the radial displacement are effective on the magnitude
of the Lorentz force.

Fig. 4. Effect of porosity on the radial stress and hoop
stress.
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By changing each of these parameters (such as
thickness, boundary condition and direction of dis-
placement) the effect of the Lorentz force on the be-
havior of smart structure may be affected. So, an ac-
curate explanation about the magnetic field effect on
the smart structures is complicated.
Case 4:
Initial angular velocity is the next parameter that its
effect on the stresses and displacements of the disc is
studied. Fig. 6a illustrates that both radial and hoop
stresses increase as initial angular speed increases. In
addition, the maximum of radial and hoop stresses oc-
curs at inner and outer boundaries, respectively. Fig.
6b shows that as angular speed increases, the shear
stress increases. Form Fig. 6c, it can be seen that ra-
dial and circumferential displacements increase with a

rise in angular speed. Moreover, the maximum electric
potential increases by increase in initial angular speed.
Therefore, it can be concluded that an increase in angu-
lar speed results in a rise in stresses and displacements
of the disc.
Case 5:
The profile of thickness is the next effective parameter
that is studied now. The stresses and displacements
of a disc with different profile of thickness are demon-
strated in Fig. 7. The boundary condition and as-
sumed parameters are kept as before. In this case two
types of discs with different thickness index are investi-
gated: one disc with hi/ho = 3 and one with ho/hi = 3.
For both cases, the thickness index is considered to be
s = 1, 2, 3. The thickness profile of each disc can be
seen in Fig. 8.

Fig. 5. Effect of magnetic field on the a) Radial stress, b) Hoop stress, c) Shear stress, d) Radial displacement,
e) Circumferential displacement, and f) Electric potential distributions.
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Fig. 6. Effect of initial angular speed on a) Radial and hoop stresses, b) Shear stress, c) Radial and circum-
ferential displacements, and d) Electric potential distributions.

From Figs. 7a, 7b, and 7c can be concluded that in-
creasing thickness index, increases stresses for hi > ho.
Conversely, rise in thickness index reduces stresses for
ho > hi. According to Figs. 7d and 7e, it can be seen
that increasing thickness index increases both radial
and circumferential displacements for hi > ho, while
the effect of thickness index is vice versa for ho > hi.
From Fig. 7, it can be concluded that using a disc with
larger inner thickness and smaller outer thickness with
smaller thickness index (s = 1) results in a reduction
in stresses and displacements.

Case 6:
For the last case, the effect of the angular velocity func-
tion on the behavior of the disc is studied comprehen-
sively. First of all, the effect of λ on angular speed as
a function of time can be seen in Fig. 9. It shows that
by increasing λ, the speed of reduction (deceleration)
experiences an increase. Figs. 10 and 11 illustrate the
effect of angular speed constant (λ) in two cases. For
the first case, the effect of λ is investigated for the disc
that is placed in a magnetic field (H∗ = 10). It is
obvious from Fig. 10 that λ has a significant effect on
displacements and stresses of the disc. An increase in λ
decreases stresses in the disc as shown in Figs. 10a, 10b
and 10c. Furthermore, an increase in λ reduces both
radial and circumferential displacements as shown in

Figs. 10d and 10e. Therefore, it can be concluded
that the disc with larger reduction acceleration (de-
celeration) of rotation speed has smaller stresses and
displacement.

The second case is similar to the first case except
the magnetic field is not applied. Investigations show
that λ has a significant effect on circumferential dis-
placement and shear stress, while its effect on radial
displacement as well as radial and hoop stresses is neg-
ligible. So, the distributions of shear stress and circum-
ferential stress are demonstrated in Fig. 11. From Fig.
11, rise in λ increases circumferential displacement and
shear stress. This behavior is in contrast with the pre-
vious case. It is valuable to explore this behavior more
carefully.

According to Eqs. (39), (40) and (41), by consid-
ering Hz = 0, the terms containing Hz corresponding
Lorentz force (Fr and Fθ) become zero. Thus, λ is
omitted from Eqs. (39) and (41). Since the Eq. (40) is
decoupled from two other equations, this means that λ
has no effect on radial displacement, electric potential,
radial stress and hoop stress (radial and hoop stress are
functions of radial displacement and electric potential
according to Eqs. (17) and (18)). Conversely, λ is not
omitted from Eq. (40) and it affects circumferential
displacement and shear stress (because shear stress is
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Fig. 7. Effect of thickness profile on the a) Radial stress, b) Hoop stress, c) Shear stress, d) Radial displacement,
and e) Circumferential displacement distributions.

a function of circumferential displacement according to
Eq. (19)). On the other hand, for the case that Hz ̸= 0,
the terms containing Hz corresponding Lorentz force
(Fr and Fθ) are not omitted and λ remains in each
three equations and affects stresses and displacements.
So, considering or omitting the constant magnetic field
creates a significant difference for behavior analysis of
a rotating disc with angular acceleration. As before
mentioned, the magnetic field was not considered for
rotating disc with angular acceleration in the litera-
ture.

At last, 3D illustrations of stresses and displace-
ment through the time are presented in Fig. 12. It
is obvious that all boundary conditions are satisfied
through the time. It can be concluded that time does
not affect the position of maximums of the studied pa-

rameters.

Fig. 8. Effect of thickness profile on the shape of the
disc.
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Fig. 9. Effect of angular speed constant (in the presence of magnetic field) on the a) Radial stress, b) Hoop
stress, c) Shear stress, d) Radial displacement, and e) Circumferential displacement distributions.

Fig. 10. Effect of angular speed constant (in the absence of magnetic field) on the a) Shear stress, and b)
Circumferential displacement distributions.
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Fig. 11. Angular velocity function.

Fig. 12. Distribution of the a) Radial stress, b) Hoop stress, c) Shear stress, d) Radial, and e) Circumferential
displacements for various rotating speed.
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5. Conclusions

The stress and displacement of a rotating disc with
angular acceleration and variable thickness made of a
fluid-saturated porous functionally graded piezoelectric
material which placed in a constant magnetic field were
analyzed. Owing to angular acceleration, the disc was
subjected to Lorentz force both radially and circum-
ferentially. The material properties of the disc were
supposed to obey radially power-law function. The
disc was uniformly porous and its thickness varied as a
function of radius. First, the resulted differential equa-
tions were converted to ordinary differential equations
using the separation of variable technique. Then, ob-
tained equations were solved by means of Runge-Kutta
and shooting methods. The resulted conclusions can be
summarized as:

• The shear stress is affected by the magnetic field
as a result of considering the angular accelera-
tion. An increase in the magnetic field results in
a reduction in stresses and displacements.

• Considering or omitting the constant magnetic
field creates a significant different for behavior
analysis of a rotating disc with angular accelera-
tion.

• By considering Hz = 0, radial displacement, elec-
tric potential, radial stress and hoop stress are in-
dependent of angular velocity constant (λ). Con-
versely, for the case that Hz ̸= 0, the angular
velocity constant (λ) has a considerable effect on
radial and hoop stresses as well as radial and cir-
cumferential displacements.

• Using a disc with larger inner thickness and
smaller outer thickness with smaller thickness in-
dex (s=1) results in a reduction in stresses and
displacements.

• Larger displacements together with smaller
stresses can be achieved by using functionally
graded piezoelectric. Additionally, an increase
in inhomogeneity index increases displacements
and reduces stresses.

• Both radial and hoop stresses increase by rise in
the porosity. More investigations show that the
effect of porosity on the shear stress as well as
displacements is negligible.

• An increase in angular speed results in a rise in
stresses and displacements of the disc.

Appendix

In Eqs. (17)-(20), we have:

c1 =

(
c̄11 −

c̄213
c̄33

)

c2 =

(
c̄12 −

c̄13c̄23
c̄33

)

c3 =

(
c̄22 −

c̄223
c̄33

)

e1 =

(
e11 −

c13e13
c̄33

)

e2 =

(
e12 −

c̄23e13
c̄33

)

e3 =

(
e213
c̄33

+ ϵ1

)
In Eq. (35), we have:

A0 = (hc1 + hµHz)

A1 =

(
c1

∂h

∂r
+ h

∂c1
∂r

+
hc1
r

+
hµHz

r

)

A2 =

(
c2
r

∂h

∂r
+

h

r

∂c2
∂r

− hc3
r2

− hµHz

r2

)
A3 = (he1)

A4 =

(
e1

∂h

∂r
+ h

∂e1
∂r

+
he1
r

− he2
r

)
In Eq. (36), we have:

B0 = (hc66)

B1 =

(
c66

∂h

∂r
+ h

∂c66
∂r

+
hc66
r

)

B2 =

(
−c66

r

∂h

∂r
− h

r

∂c66
∂r

− hc66
r2

)
In Eq. (37), we have:

C0 = (he1)

C1 =

(
e1

(
∂h

∂r
+

h

r

)
+ h

∂e1
∂r

+
he2
r

)

C2 =

(
e2
r

(
∂h

∂r
+

h

r

)
+

h

r

∂e2
∂r

− he2
r2

)
=

(
e2
r

∂h

∂r
+

h

r

∂e2
∂r

)
C3 = (−he3)

C4 =

(
−e3

(
∂h

∂r
+

h

r

)
− h

∂e3
∂r

)
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In Eq. (48), we have:

h1 = −B/B0

h2 = −(B2 − hεeµ
2H2

zλ
2)/B0

h3 = −ρrλw0/B0

In Eq. (47), fi and gi are

f0 =

(
A0C3

C0
−A3

)

f1 =

(
A1 −

A0C1

C0

)
/f0

f2 =

(
A2 −

A0C2

C0
− 4hεeµ

2H2
zλ

2

)
/f0

f3 =

(
A4 −

A0C4

C0

)
/f0

f4 = hρrw2
0/f0

g0 =

(
A3C0

C3
−A0

)

g1 =

(
A1 −

A3C1

C3

)
/g0

g2 =

(
A2 −

A3C2

C3
− 4hεeµ

2H2
zλ

2

)
/g0

g3 =

(
A4 −

A3C4

C3

)
/g0

g4 = hρrw2
0/g0
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